This paper has been published in: T. Denvir, editor, Formal Methods Europe
(FME’94). Springer, 1994.

An experimental support system for formal
mathematical reasoning

Matthias Anlauff', Stefan Jihnichen?, Martin Simons!

! Technische Universitit Berlin*

2 GMD-FIRST**

Abstract. Requirements for tools which support the creation and the
intelligible presentation of formal deductions are investigated. They are
contrasted with requirements which emphasize the interactive construc-
tion of correct proofs. As an example, the design and the implementation
of a set of support tools for Deva is described. Deva is a typed functional
language and has been used in a number of case-studies on formal pro-
gram development. The use of this toolset is illustrated by impressions
of a working session.
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1 Introduction

Traditionally, research on computer assisted formal reasoning focusses on how
the computer can help in the process of constructing correct mathematical argu-
ments. The initial ambitious goal of leaving the task of finding proofs altogether
up to the computer was quickly abandoned; fullledged automatic theorem prov-
ing turned out to be unattainable for theoretical and practical reasons. Research
consequently concentrated on building theorem provers which required inter-
action with the user and on trying to increase the degree of automation. So
called interactive tactical theorem provers are being developed and they quite
successfully assist the user in the process of constructing correct formal proofs.
However, once a proof is constructed, only a few facilities are provided to present
the proof in an intelligible way so that one can understand its basic line of rea-
soning. Presenting formal reasoning may not seem such a terribly attractive idea
in the first place, particularly since formal arguments tend to be bogged down
by technical details. This “formal noise” usually hides the basic line of reasoning
underlying a proof but is necessary to enable a machine to check the correctness
of an argument. On the other hand, the primary goal should be to convince the
user of the correctness of an argument and not the machine. Here, we have the
class of arguments in mind that are generally thought worthy of the extra effort
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needed to prepare them for presentation; for instance, the proof of a mathemat-
ical theorem, the calculation of an algorithm, or a refinement in the refinement
calculus. We do not mean justification of boring technical details which are in-
troduced solely by formality. Thus, in principle, computer assisted reasoning
should support both the construction of correct mathematical reasoning and its
presentation.

We argue that research on interactive theorem proving tackles this goal
while focussing on construction. One way of focussing on presentation is to
devise a formalism in which one can express mathematical arguments which
are, ultimately, close to conventional mathematical arguments and which can
be checked by a machine at the same time. This goal seems not to be hope-
less, particularly because several people have argued convincingly in favor of
a more structured and rigorous approach to mathematical reasoning for some
time (cf. [5, 13, 16, 18, 31]). In order to stress our focus on supporting intelli-
gible formal proofs we will henceforth use the term “computer assisted formal
mathematical reasoning”. Fig. 1 broadly summarizes the different approaches to
computer aided formal reasoning.
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Fig. 1. Presentation vs. construction of mathematical proofs

In this paper we report on the design and the implementation of a support
system for formal mathematical reasoning called “Devil”. The formal basis of this
system is Deva, a typed functional language. Formalization takes place accord-
ing to the Curry-Howard paradigm of “propositions as types” which associates
proofs with functions and propositions with types. Deva is a descendent of the
AUTOMATH family of languages (cf. [8]) and was originally designed during the
Esprit project ToolUse (cf. [19, 47, 52]). The original intention of this project
was to study formal software development methods and to provide them with
tool support. It is beyond the scope of this paper to give a detailed introduc-
tion to Deva. A self contained introduction to the language, its theory and its



semantics is given in [52]. A comprehensive treatment of the language is given
in [54] and includes a tutorial-like introduction and the presentation of two case
studies. Several case-studies in formalized software developments have been un-
dertaken and fully carried out with the assistance of Devil. Some experiments
with calculational program developments are contained in the book [54]. This
book also contains a formalized VDM data-reification as well as a formal proof
of the transitivity of VDM reification (cf. also [51]). A formalized VDM devel-
opment of a revision management system is described in this volume [53]. The
formalization of an algebraic specification language is contained in [42].

The structure of the paper is as follows: in the next section some general
requirements which we believe should be met by a system to support the pre-
sentation of formal mathematical reasoning are given. We will then describe
the design and the implementation of Devil in Sect. 3 and continue to give an
impression of how a user works with the system in Sect. 4. After relating our
approach to other approaches in Sect. 5 we discuss experiences with Devil and
describe topics of future work. Many properties of Devil depend heavily on Deva
as the specific formal system that is the basis of Devil, nonetheless we believe
that the general requirements established in the next section as well as our design
approach are of general interest.

2 Assisting formal mathematical reasoning

As we already pointed out in the previous section, computer assisted formal rea-
soning should ultimately support both, the construction of correct mathematical
arguments and their intelligible presentation. Ideally, proofs should then be con-
structed and presented at the level of abstraction of, for instance, the proofs
presented in [18, 31]. However, there still remains a substantial gap between
these proofs and formal proofs constructed with the help of, e.g., interactive
theorem provers. This is largely due to the fact that the reasoning steps a hu-
man can comprehend are usually much more abstract than those an interactive
theorem prover can process in a single step. The problem then is to think of ways
of bridging this gap. In this section, we will concentrate on what is necessary
to support a high-level description of formal reasoning that can be checked by
machine and on ways of presenting it. We will sketch some ideas we have on
narrowing the gap between this approach and the interactive theorem proving
approach in Sect. 6.

We want to separate the discussion of the requirements into three areas: what
functionality should the deduction kernel provide; what features are necessary
to present formal reasoning in a structured and intelligible way; and how can
the whole system be kept flexible, i.e., applicable for various instances of formal
reasoning. We will keep the discussion at a rather abstract level so that the
software architecture of a support system becomes visible. The following section
will then present a concrete attempt to realize such an architecture.



Deduction support

At the heart of the deduction support lies the implementation of a logical formal-
ism that allows for the expression of proofs and deductions. Apart from tradi-
tional logics such as predicate logic the so called logical frameworks (cf. [25, 26])
have received widespread attention. A logical framework implements a meta-
logic in which other specific logics can be expressed. The advantage of such
frameworks as a formal basis for our purposes will be discussed later. At the
lowest level, the core must be able to check the correctness of formal deductions.
However, the intention is to express proofs at an intelligible mathematical level.
In principle, the translation of such abstract proofs or “proof sketches” to the
formal level should be done automatically. If not possible, this translation must
be guided by hints supplied by the user. In other words, abstract proofs are
expressed in a “high-level proof language” and are “compiled” into the concrete
and fully detailed proofs. The compilation may take place either completely au-
tomatically or interactively by “proof refinement”. In the past, several techniques
and algorithms have been developed which are used in this process:

— Higher-order unification (cf. [23]), though in principle undecidable, is a pow-
erful technique to resolve implicit arguments in the application of rules or
tactics.

— Term rewriting (cf. [28]) is essential to realize succinct formulation of equa-
tional or, more general, calculational style proofs.

— AC-unification (ct. [45]) is also helpful in saving the user tedious manipula-
tions of formulas.

These are basic building blocks for automating deduction. In order to deal with
user supplied hints the tactics related techniques of tactical theorem-provers are
useful (cf. [40]).

We have so far only described the bare functionality of the deduction kernel.
In order to actually use it at least two other components must be present: library
management and sophisticated user interface.

— The [library management provides access for the deduction kernel and for
the user to various standard and user-defined theories. The availability of a
rich body of standard theories is instrumental in making effective use of the
system.

— The user interface provides an interface between the user and the deduction
kernel. A central concern of the design of the user interface should be to
provide the user with sophisticated “proof debugging” facilities. This implies
some sort of interaction with the deduction kernel similar to the interactive
facilities of interactive theorem provers.

Presentation support

Donald Knuth writes as a motivation for literate programming [29]: “Instead
of imagining that our main task is to instruct a computer what to do, let us



concentrate rather on explaining to human beings what we want a computer
to do.” We can rephrase this sentence with respect to mathematical reasoning
expressed in a formal framework as follows: Instead of imagining that our main
task is to explain to a computer why a formal development is correct, let us
concentrate rather on explaining to human beings why it is correct. Carroll
Morgan argues similarly in a recent article on literate program developments
in the refinement calculus [35]. The principles of literate programming [30] can
profitably be applied to presenting formal reasoning:

— the document containing the formal proofs is the same document contain-
ing the presentation of the proofs, guaranteeing that once the document is
checked, the presented version is correct.

— the order in which the formal reasoning is presented may be any order the
author deems appropriate and need not be the order which the checker ex-
pects and which is prescribed by some formal syntax. The system is able to
extract valid input for the checker from such a “web”.

We want to add two principles which we believe are helpful in presenting
intelligible formal deductions:

— it must be possible to present formal reasoning at levels of abstraction. The
higher levels resemble ordinary mathematical reasoning in large steps which
contain just enough information for a human to understand it. These large
steps are refined at the lower levels until the checker is able to check them.
The steps themselves are combined by operators of the formal calculus to
yield the complete development. The user or the reader may decide to which
depth these levels of abstraction should appear in the presentation. Leslie
Lamport has proposed in [31] a similar structure for the presentation of
conventional proofs and in [46] his style is partly adapted to the presentation
of formal proofs in Deva.

— it must be possible that a formal deduction may be given incompletely. Not
all parts of a formal development need to be given formally; it must be
possible to check the correctness of the complete deduction modulo the cor-
rectness of the omitted parts. In the literate approach to formal reasoning,
in this case at least some verbal justification of the omitted parts should
be given. This liberal approach to formal reasoning is, in our view, justified
by experience. We strongly believe that any system that supports mathe-
matical reasoning will be successful only if it adheres to the basic principle
of leaving the user in control at all times. It may check that no parts have
been omitted in a deduction and refuse its final approval if they have. But
it should nevertheless support an incremental working mode. The success
of VDM and Z, for instance, can be attributed, at least partly, to the fact
that they do not enforce the discharge of all proof obligations. Their major
advantage is that they provide adequate means of specifying and developing
a system formally and of reasoning about the system and the development
formally. But it is up to the user to decide if and when the necessary proofs
should be carried out.



The question of how to actually structure a formal development has not yet
been addressed. This is largely a matter of experience and taste. Just as with
mathematical proofs, the first attempt is not the best, but once one has some
intuition about the problem and the domain it stems from, one can construct
a little theory around it which then leads to a cleaner and more structured
proof. In formal system developments, some guidance for structuring is usu-
ally provided by the “formal method” one follows. With formal proofs, we have
experienced that natural deduction is helpful in providing a global structure;
locally, calculational reasoning is more effective. Lamport structures his proofs
in [31] guided by the principles of natural deduction. Gries and Schneider [18]
and other proponents of the “Dutch School” argue in favor of a calculational
style based on equational reasoning. In our experience, one can go quite far with
the calculational approach and this usually leads to more elegant proofs ([18]
gives beautiful examples and introduces the necessary techniques). In order to
combine subproofs to form larger ones, however, the rules of natural deduction
seem to be appropriate (cf. [46]).

Flexibility

In computer science, even more than in mathematics, different calculi and logics
abound. However, all these logics and calculi have basic reasoning procedures in
common. Logical frameworks isolate these commonalities and combine them as
meta-logic in which other logics can be represented. In principle, an implementa-
tion of the logical framework, together with the representation of some concrete
logic yields an implementation for that particular logic. There are various logical
frameworks being developed (cf. Sect. 5); some are based on higher-order logic
(HOL, IMPS, Isabelle), some on typed lambda-calculi (Coq, Deva, LEGO), and
some on constructive type theory (ALF Nuprl).

All the different logics and calculi also come equipped with their own syntax
and notations. And this for good reason: well designed syntax and notation can
be very helpful in highlighting certain properties of operators or constructions
which are important when reasoning or calculating with these operators. Thus,
representing a logic in the meta-logic is not enough. It should also be possible to
imitate its syntactical and notational peculiarities. One way to accomplish this
is by a preprocessing step where a concrete (graphical) syntax which implements
the special operators and notation is translated to an elementary abstract syntax
which is then handed to the deduction engine. Care must be taken, however, to
report errors in the original concrete syntax.

3 The design and implementation of Devil

In this section we describe a set of tools collectively called Devil or Deva’s inter-
active laboratory. They were designed and implemented over the past years in
order to support Deva and they can be seen as a first approximation to what has
been described in the previous section as a formal mathematical proof assistant.



In fact, the experiences we have gained from the experiments on formal program
development which were carried out with Deva and Devil strongly influenced the
formulation of the requirements for such a system.

Deva is a typed functional language descending from a member of the Au-
TOMATH family of languages (cf. [36]). Mathematics is formalized in Deva ac-
cording to the Curry-Howard principle of proposition as types and proofs as
objects. Nederpelt’s calculus was extended by several constructs such as sums
and products to aid in the succinct expression of formal deductions. It was also
extended by the notion of “context” to incorporate a structuring mechanism
directly into the language. In principle, contexts are nested sequences of dec-
larations and definitions. For presentation purposes one has the choice among
syntactical variants of constructs of the language. Variables of a functional type
may be declared to be mixfix operators thereby making it possible to mimic the
modelled theory to some extent. Finally, and most significantly, Deva features a
so called “implicit level” which allows formal derivations to be expressed without
explicitly supplying all necessary technical details. Deva formalizations expressed
at this implicit level remain comprehensible to some extent and this has been
demonstrated in various case-studies. For example, VDM developments are pre-
sented in [53] and [54] which also contains a calculational program development;
a formal mathematical proof of the Schrdder-Bernstein theorem is presented
in [46]. In each case, the Deva formalizations are contrasted with their informal
counterparts and it is shown that the blowup factor between an informal and
a formal proof can be kept under control. It is beyond the scope of this paper
to give a detailed treatment of Deva; this has been given elsewhere [52, 54]. In-
stead, we will concentrate on the design and some implementation issues of the
tool support. This discussion will be structured along the lines of the previous
section.

Devil’s deduction support

The main functionality of the deduction support is to check a Deva text for type-
correctness. This type-check is straightforwardly implemented for the explicit
level of Deva. The implicit level, however, causes several problems that are not
that easily dealt with. The translation from the implicit to the explicit levels is
called explanation. Before the checker can start with explaining the input the
abstract syntax of the implicit level is computed. More precisely:

— the lezical analysis transforms the input into a sequence of tokens;

— the context-free syntaz analysis evaluates the Deva context structure;

— the binding phase determines for each variable the corresponding declaration
or definition;

— the context-sensitive syntaz analysis evaluates the final abstract syntax tree
involving the syntactical structure introduced by user-defined operators.

— finally, the ezplanation phase transforms the implicit representation into an
explicit one.



This structure resembles very much the analysis phase of a traditional compiler
for programming languages. For this reason, the compiler generation language
Gentle [43] was chosen as the implementation language of the deduction support.
Gentle allows the easy expression of transformation rules between the different
representations. Furthermore, it generates specifications for lexical scanner and
context-free parser generators from a high-level compiler specification.

The first two phases are straightforwardly implemented by standard compiler
techniques. An efficient adaptation of de-Bruijn indices is used to implement
the binding phase. During the context-sensitive syntax analysis the treatment of
mixfix operators poses special problems. An operator is specified in the context of
a variable declaration or definition; the symbol “(-)” indicates possible argument
positions of the operator. For example, the declarations

(V) : [U;U F prop]
;U (e) :[setU) U]

introduce two variables, “C” and “U”. The variable “C” is declared to be a
binary function taking two arguments of type U and yielding a result of type
prop. At the same time, “C” is declared to be an infix operator. Likewise, “L” is
declared to be a unary function taking an argument of type set(U) and yielding
a value of type U. At the same time, “U” is declared to be a prefix operator.
While parsing terms like “U A C y” the system takes into account information
about the operator types of the variables involved, as well as relative priorities
assigned to them. The former information is extracted from the declarations of
the variables during the binding phase; the latter information is specified by the
user with priority rules of the form

opspec U > LC

which cause Devil to convert the above term to “C (LU(A),y)”. Priority rules can
also be used to specify associativities of infix operators. Two additional features
complicate the parsing algorithm:

— an identifier may have different operator types in different contexts;

— sectioning is possible, i.e. the algorithm is able to process terms containing
operators with less arguments than specified in the corresponding declaration
of the operator. For example, the term “C y” is transformed to “C ($2 :=
y)”, where “$2” represents the argument position in “C”.

The explanation phase translates implicit proofs into explicit ones. Contrary
to proofs developed interactively with tactical theorem-provers, an implicit proof
in Deva can be regarded as a “sketch” which instructs the checker how to trans-
form the proof into its fully explicit representation. During this transformation
process the checker often has to select one of a number of possible solutions for
a local expression. For instance, everyone knows that higher-order unification
of terms containing variables of functional type leads to a set of solutions. This
set of solutions can be restricted by taking into account information which is
contained in a “local context” of the sketch. The problem is to determine the



boundaries of such a local context: if it is too narrow, the search space is not
restricted enough; if it is too wide, the computation of the constraints induced
by the local context is too expensive. In tactical theorem-provers a local context
is at least given by the currently processed tactic construct, while in a sketch no
such “natural” division exists. In the following, we will call these local contexts
check-scopes.

The explanation algorithm is split up into the following steps:

1. determination of check-scopes,
2. generating constraints for each check scope, and
3. solving these constraints.

The first step fixes the boundaries of a local context, the second step generates
constraints in the form of equations and extracts variables to be instantiated. The
third step consists of a unification algorithm which tries to solve the generated
equations and instantiate the extracted variables. This process will be described
more formally below.

Assume that the two abstract data types 77 and Te contain the abstract
syntax of the implicit resp. the explicit level. Thus, the task of the explanation
phase is to realize a function Explain mapping elements of 77 to their explicit
representations in 7g:

Explain(tt) = t¢ for t£ € Tz and t€ € T¢

According to the above division (2. and 3.) there exist two auxiliary functions
for the realization of Explain:

— an extraction function X7 transforming an implicit term ¢Z into an inter-
mediate representation consisting of
e a temporary explicit representation t¢,
e a set of variables V', and
e a set of equations Eq.
The function X7 applied to an implicit term 7 is written as

XT(t5) = [V] ¥ [Eq]

This representation is called the check scope of t*. The term t€ is already a
valid explicit term, but it is not equal to the final explicit version t€ because,
in general, t¢ can contain variables which are contained in V' and which must
be instantiated during the subsequent unification step (see below) in order
to ensure the correctness of the transformation.

— a function Solve which solves the generated equations (in general by using
unification techniques) and determines the final explicit version by instanti-
ating the variables contained in V and substituting them in €. Additionally,
other changes must frequently be carried out, such as the determination of
the correct order of variables not being instantiated. The function Solve
applied to the result of XT is written as

Solve([V] t€ [Eq]) =t©



By using X T and Solve the function Explain can be defined as their composition
Explain := Solve - XT

This solution would be rather poor if the extraction function X7 would also be
realized by restricting its evaluation scope to a single construct of the abstract
syntax 7z. A more powerful algorithm for X7T" will now be defined. The idea is
to delay the solution of local constraints and to put the extracted variables and
equations of a set of abstract constructs together into a single check-scope. In
order to assemble these check-scopes, a mapping DelaySolve is defined which
determines for each constructor of 7z the set of positions of those arguments
which should be included into the current check-scope. Let {CZ} denote the
family of sets of constructors of 77 indexed by the arity. For each constructor ® €
C% we define a function xte which computes for given explicit terms ..t
the check scope of ®(t{,...,t5). We can now extend these atomic extraction
functions to 7z by using DelaySolve as follows

XT(®)=atey if®eCt
XT(®(tf,... th) =
[(UjEDelaySolve(®) V]) U V] te [(UjEDelaySolve(®) Eq]’) U Eq]

where
wto(ff, ... ) =[V] ¥ [Eq
g if j € DelaySolve(®)
t’]g _ where XT(tI Vj] t‘g [Eqg;]
J

t& if j ¢ DelaySolve(@)

where Explain(t]) ts

j

ifweCl k>1
Thus, the definition of DelaySolve determines the boundaries of a check-scope
and we have broken down the definition of XT to the definition of the atomic
at. For example, we consider the following grammar of an implicit syntax for
A-terms representing a minimal core of the Deva language:

grammar rules abstract syntax
[V 7-1 " 7-I] dabS]:(tl7 tg)
| V77 F T1] iabsy(t1,ts)
| Tz(7Tz) app1(t1,t2)
| Tz..7z judgr(ts,t2)
| V user(z)

where V is the set of identifiers. The explicit syntax is given by the following
grammar:
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grammar rules abstract syntax

Te o=V :Te b Tel dabsg(t1, t2)
| V7Te - Te] iabsg(t1,12)
| Te.Te appE(t1,t2)
| V useg(V)

Now, the extraction kernel can be defined as follows

wtgabsy(t1,t2) =[] dabsg(t1,t2) []
( []

[]
Ttiabsy(t1,t2) =[] iabsg(ti,t2)
rtuser(s) =] user(s) ]
_ J [] appe(ti; t2) [type(tz)ita] if type(t) ~ dabsg(t3, ts)
wtappy (ti,t2) ] .
[z7t3] appE(tl'7 t2) [] if type(t1) ~ iabsg(ts, t4)
Ttjudgy (1) = [ 0 [type(t) = ta]

where “~” means “equal modulo B-reduction”. The main difference between the

implicit and the explicit level can be seen in the definition of ztappy. The implicit
application uses the first declaration x : ¢ of the functor as the actual argument
position, while components of the form z7¢ are regarded as variable declarations.
The explicit application always takes the first component as the actual argument
position regardless of whether it has the form x : ¢ or x?¢. In order to illustrate
the check scoping described above let us now consider the following implicit
formalization:

[ foo:[F?[n:natt nat]t [z: F(0)F F(1)]] F
[ bar : 0+1
F foo(bar) ... 1+ 1]]

We will now apply the xt function to the constituents of the last term:

rtappy (foo, bar)
= [F"?[n : nat - nat]] wtappy(appe(foo, F'),bar) []

= [F'?[n : nat - nat]] appg(appe(foo, F'), bar) [type(bar) < F'(O)}
= [F'?[n : nat - nat)] appg(appg(foo, F), bar) [o y12 F’(O)]

The explicit version of this implicit application is not definite because of the
second order variable F' which can be instantiated either by [n : nat F n + 1]
or by [n : nat - 0+ 1]. But only the first solution satisfies the additional type
constraint specified by the judgement “-. 1+ 1”. In order to avoid backtracking,
the technique of check scoping can be used. Therefore the DelaySolve mapping
is defined as follows:

{1} if ® = judgr
{} otherwise

DelaySolve(®) = {
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meaning that an additional type constraint should always be considered during
the explanation process. Thus, the X7 function for the above judgement is given
by

XT(foo(bar) .. 1+1) =
0+1=F'(0)

F'?[n : nat - nat]] appg(appg(foo, F'), bar \
[F"7] 1| appE(appE( ) )F’(l)i1+1

The desired solution can now be obtained by solving the set of equations on the
right using e. g. unification or anti-unification techniques being more powerful
and efficient than backtracking over a tree of alternative solutions.

Devil’s support for structured proof development

The Devil system also includes additional features to support the development of
structured proofs and their presentation. We will briefly describe these features
in the following paragraphs.

Library management. As a prerequisite for working effectively with a proof sup-
port system support for the reuse of formalizations must exist. Devil provides
library management on the basis of the UNIX file system. Deva contexts can be
saved persistently into special files, called dewvil object files. A formalization can
only be saved if it is self-contained and correct. This requirement is necessary
because otherwise consistency checks would have to be performed whenever a
context is loaded. In general, these checks would be rather complex so that only
little would be gained in terms of efficiency.

Those Deva contexts that are contained in a library can be regarded as “mod-
ules”. While the context associated with a Devil object file forms the “imple-
mentation” of that module, its “interface” is given by the named contexts of the
saved formalization. Using this concept, it is possible to extract selected parts
of a formalization contained in a library file. If contexts contained in different
modules but based on equivalent assumptions are combined, these assumptions
should be identified with each other.

User interface. Devil’s user interface provides the possibility of working interac-
tively with the system. The interface is implemented as an extension of the tool
command language “tcl” (cf. [38]) which is a simple textual language comparable
with UNIX shell programs such as “csh”. The “tk” library (an extension of tcl)
is used to implement the graphical version of Devil based on X-windows so that
Devil provides the usual operational comfort of a window-based user interface.

The commands provided by the interactive user interface are executed on the
basis of the current system state which is given by the currently loaded Deva
context. Typically, this context is the result of loading a library file, but inter-
nal proof states can also form the current context. Besides the transformation
of Deva formalizations which are contained in source files, Devil provides the
possibility of processing Deva expressions entered directly to the user interface
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as strings. This is very helpful, for instance, for making experiments during the
construction of a proof, if the context forming the basis of the proof has been
loaded as current context.

Presentation support. Presentation and documentation of Deva formalizations
are realized by implementing a WEB system for Deva [7]. A WEB document is
structured in sections that may contain named “chunks” of Deva code. These
chunks may be referred to from other chunks and so the document defines a
web, or rooted graph, of Deva code parts. The structure of the web is completely
independent of the structure required by Deva’s grammar. From a single Deva
WEB document one can then extract two files:

— a IATRX file which is used for generating a presentation document containing
explanatory texts as well as Deva code;
— a file containing only Deva expressions, which are the input for the checker.

The chunk mechanism of WEB can be used to structure proofs hierarchi-
cally [46]:

[ Assumptions

Proof of lemma 1) .. lemma 1
Proof of lemma 2) .. lemma 2
Proof of lemma 3) .. lemma 3
QED) .. theorem

i

i

? (

H{
]

The chunks (Proof of lemma 1), (Proof of lemma 2), (Proof of lemma 3), and

(QED) can each be developed in their own section.

The interactive development of such hierarchically structured proofs is sup-
ported by the Devil system through the concept of proof obligation objects. This
feature is part of the user interface of Devil. A proof obligation is introduced by
referring to a WEB chunk which does not yet exist and by stating its goal. For
instance, in the preceding example three proof obligations are introduced with
their corresponding goals lemma 1, lemma 2, and theorem. Each proof obliga-

tion object has an attribute specifying the current state of the proof term. The
value of the state attribute can either be

— non-existent, if the proof for the obligation does not exist or

— incomplete, if the proof term is correct but it depends on further proof obli-
gation objects at least one of which is not proven or

— proven, if the proof term is correct and the state of each of the proof obliga-
tion objects on which the term depends is also proven.

Proof obligation objects can be used to specify incomplete Deva formalization
because proof terms can be added later (or even omitted) to the corresponding
proof obligation objects. The identification of proof obligations with DevaWeb
sections can be seen as a first step on the way to integrating the presentation of
proof documents into their production process.

This concludes a brief overview of the design and the implementation of
Devil. For a complete introduction, the reader is referred to [4] and [7].
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4 Elements of a sample session

In this section we give an impression of what work with Devil is like. As an
example, we have chosen the proof of a theorem from lattice theory, the Knaster-
Tarski fizpoint theorem. We will not present the proof development in every detail
but highlight only some aspects of a session with the system. The theorem is as
follows

The Knaster-Tarski fixpoint theorem: A monotonic map ® : U — U
over a complete lattice has a fixpoint.

We assume that we have already loaded a library file containing a theory of com-
plete lattices relative to which the proof is formalized. Additionally we assume
that we have already formalized the assumptions that @ is a monotonic mapping
of type [ F U]. The idea for the proof can be sketched briefly as follows:

We will show that the least upper bound of the set M £ {z:zel:
z C &(x)} is a fixpoint of &. We show that UM T &(U M) and that
&(U M) CUM. And so, by anti-symmetry, equality follows.

We will use Devil’s concept of proof obligation objects to develop the proof. Ini-
tially, a proof obligation object “{ Proof of the Knaster-Tarski fixpoint theorem )”
is introduced representing our goal on the assumption that M is defined as pro-
posed above:

[M ={[zUFzCdx)]}
F(Proof of the Knaster-Tarski fixpoint theorem ). ¢(UM)=UM
]

We can now formulate the highest level of the proof represented by the
following A-abstraction being derived from the proof sketch given above:

(Proof of the Knaster-Tarski fixpoint theorem 4.1) =

[ lemma; := (UM is atmost $(UM). ) .UM C S(UM)
; lemmay = (@(U M) belongs to M. ) ... d(LUM) e M
;lemma =(P(LUM)is atmost UM. ) . d(LUM)CT UM
F(QED ) .. &(UM)=UM

]

Fig. 2 shows the corresponding “proof obligation window” of the Devil system
representing the above proof obligation'. The state attribute signals, that the
proof is still incomplete; the proof obligations it depends on are given by the
references to DevaWeb sections contained in the above proof. They are listed in
a subwindow on the right side. Although the state of the proof obligation is still

! Note, that the formulas are presented in IWTRX source code, as it forms the input to
DevaWeb. We are aware that this is not a perfect solution, so we are working on a
WYSIWYG representation of formulas within the system.
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J_‘LI Proof Obligation Window

Proof Obligation "@< Proof of the Knaster-Tarski fixpoint theorem @>"

State:|incomplete

Prove | unProve | Update | showenv |
Paste’n’Prove| Print | Renove | LoadEnv |
Goal | Depends an
WPhAC Zub M 3= 3Tub M @< QED @>
@< $WPhi(\lub M)$ is atr
@< $3\Phi{\1ub M)$ belongs
= @< $3\Tub M$ is atmost S\F
Proof Scratch |

[Temma__1:= @< $ub M$ is atmost $L\Phi(yIub M3I$. @» I
C\Tub M \atmost \PRiC Alub M) tsed By |

;lemma__2:= @< $\PhilhTub M)E belongs to $ME. @
o SPRAC NTub M Xvin M

slemma_3:= @< $\PhilhTub M>$ is atmost $\lub ME. @>
APRIC ATub M Natmost Nlub M

|_

@< QED @>
s WP NTub M 3= Nub M

Local options: auiet W impl. output
B recursive print reduce

Fig. 2. The proof obligation representing the highest level of the proof.

“incomplete”, one could stop here if one were only interested in this level of the
proof (either as the author or as a reader of the proof). Devil doesn’t force you
to go down to the details, but, of course, the proof remains incomplete until all
proof obligations it depends on are removed.

The remaining proof obligations can be removed by adding proof terms to the
corresponding objects so that each of them will finally reach the state “proven”.
In order to open new proof obligation windows, one can, for instance, click at
the corresponding entry in the “Depends on” subwindow. You can now insert
proof terms into the corresponding “Proof Scratch” windows and check these
terms using the “Prove” button. If the proof is correct the “State” entry changes
accordingly either to “incomplete” or to “proven” depending on whether the
proof term contains references to other incomplete proof obligation objects or
not. Fig. 3 shows a snapshot of the proof development; in the background the
main window of Devil is displayed. The TgX-previewer window at the bottom
shows part of a document that has been generated with the “Print” button of
the toplevel proof obligation window shown in Fig. 2. This functionality reflects
the integration of the presentation support into the deduction support provided
by Devil since a proof obligation is at the same time a DevaWeb section.

5 Related approaches

As we have already pointed out, the field of computer aided formal reasoning
is quite diverse. We want to try to give a brief summary of approaches which
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J‘g Proof Obligation Window
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Fig. 3. Snapshot of the proof development

are related to our work. The endeavor to build tool support for formal mathe-
matics was perhaps started by the Dutch AUTOMATH project. De Bruijn gives
a survey of the project in [8] where he states the original motivation for the
project as follows: “Develop a system of writing entire mathematical theories in
such a precise fashion that verification of the correctness can be carried out by
formal operations on the text.” During the project a family of languages for for-
malizing mathematics was developed and several case studies were performed,
most notably the formalization of Landau’s “Grundlagen der Analysis”. The
basic paradigm underlying this approach was the Curry-Howard isomorphism
between propositions and types (cf. [22]). The AUTOMATH languages spawned
a number of research activities which also adhere to this paradigm and which
are actively pursued today. Based on typed lambda-calculi are the calculus of
constructions [11], the extended calculus of construction ECC [32], and the Ed-
inburgh logical framework LF [20]. The Coq system [14] is a proof assistant im-
plementing the calculus of construction and the LEGO system [33] implements
LF and ECC. Based on constructive type theory are Nuprl [10] and ALF [12].
A different approach, based on the implementation of higher-order logic, led to
the development of HOL [17], IMPS [15], and Isabelle [40]. These formal systems
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are being studied in a basic research action on logical frameworks. A survey of
this project is given in [25, 26]. There also is an attempt underway to join forces
from all areas of automated reasoning to build a comprehensive and sophisticated
environment to support formal mathematics [41].

All of the previously mentioned approaches have a strong orientation towards
the construction of correct formal proofs and the design of their support systems
is accordingly. With the notable exception of the IMPS system not much atten-
tion is paid to the intelligible presentation of formal reasoning even though the
need to do so is acknowledged. The case studies undertaken with these systems
(e.g. [24] with Coq, [3] with LEGO, and [37] with Isabelle) thus rather stress
aspects of formalizing logics and theories in a formal system and on techniques
of interactive proof construction.

We also want to mention some systems which, similar to Deva, were specif-
ically designed to provide mechanical support for formal methods. With these
tools, too, the emphasis of the support is on construction. The B-tool is a rule-
based inference engine with rule-rewriting and pattern-matching facilities [2].
The mural system is a formal development support system consisting of a generic
reasoning environment and a support facility for VDM [27]. The prototype ver-
ification system PVS [39] is based on a higher order logic and consists of a
specification language integrated with support tools and a theorem prover.

A completely different aspect of supporting formal reasoning is stressed by so
called mathematical editors. They feature a flexible and comfortable environment
for editing mathematical derivations without enforcing correctness. Notable ex-
amples of such systems are MathSPad [6] or Proxac [49]. Further aspects of user
interface design for automated reasoning systems are investigated in [50].

Interesting experiments on interfacing automated reasoning systems with
computer algebra systems are reported on in [21] and [9].

6 Conclusion and future work

We have reported on a set of tools which are being designed to support the
creation and the intelligible presentation of formal reasoning. This ultimate goal
has certainly not been achieved but this can be seen as an intermediate step
towards it. Several successful case studies have been undertaken and have been
completely developed with the assistance of the system. On the other hand,
Deva is certainly not the final answer. The experiments uncovered a number of
problems inherent in Deva. The primary lesson we learned is that specialized
automated deduction support, such as rewriting or proof tactics tuned for a par-
ticular theory, is required to keep the amount of formal noise low, in particular
in the case of calculational-style reasoning. Rewriting is supported in a limited
way and the tacticals provided are not very expressive. A second problem is the
notion of context in Deva which is used to structure theories and developments.
Contexts are semantically difficult to handle and they do not provide the flexi-
bility and expressiveness of other approaches to structuring and modularization
of formal theories.
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In Sect. 2, we presented a rough sketch of the software architecture of support
systems for mathematical reasoning. We are currently in the process of refining
this architecture. First ideas towards a formal basis to express deductions are
presented in [48]. The basic issue is to transfer know-how from software design
to proof design. At the local level, we want to determine useful abstraction and
expression means. At the global level, we want to determine useful structuration
means. We want to investigate further how to automate the transition between
higher abstraction levels and lower ones. Here, reasonable compromises have
to be found so that formal mathematical proofs remain intelligible yet can be
checked automatically without requiring technical interaction with the user.

In order to keep the tool support flexible and extensible we propose a layered
design: the deduction kernel, internal extensions, external extensions, theory
management, presentation support, and user interface. Internal extensions are
meant to extend the kernel directly, for example by a new logic, a new calcu-
lus, or a new theory together with specific deduction support. For instance, one
can think of specialized rewriting algorithms or specialized proof procedures.
External extensions will interface the core system with external deduction tools
such as computer algebra systems, or model checkers. The literate programming
paradigm has proved to be naturally applicable to the presentation of formal
deductions. In particular, it is an adequate means of realizing the presentation
of proofs in levels of abstraction as Lamport proposes. However, the relationship
between the different levels should be reflected more clearly by some operation
of the formal basis, e.g., by introducing a notion of “proof refinement”. The
current realization by macro expansion is only partly satisfying. One further
interesting topic for future research currently being investigated is how one can
exploit the hypertext paradigm for the creation and presentation of structured
proofs. Integrating hypertext technology with the mathematical editors men-
tioned in the previous section should provide a very attractive user interface for
the development of formal deductions.
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