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Re p a irin g  t h e  p a re n t h e s is  s k e le t o n  o f  ALGOL 6 8  p ro g ra ms:
p ro o f  o f  co rre c t n e ss  * )

by

L .G .L .T.  Me e rte n s &  J . C .  v a n  V l i e t

ABSTRACT

The e r r o r - c o r r e c t i o n  p ro b le m f o r  s t r u c t u re s  o f  n e ste d  p a re n th e se s b e a rs

some resemb lance  t o  t h e  p ro b le m o f  fi n d i n g  t h e  s h o r t e s t  p a t h  i n  a  d i re c t e d

graph. N o t  s u r p r i s i n g l y ,  t h e  a l g o r i t h m f o r  d e t e rmin in g  t h e  o p t ima l

" re p a ra t io n "  le n d s  i t s e l f  t o  a  n e a t  and  co n c ise  (m i n ,  - 0 - a l g e b r a i c  n o t a t i o n ,

thus p e r m i t t i n g  a b s t ra c t i o n  f ro m t h e  re p re s e n t a t io n  used i n  a  p r a c t i c a l

imp le me n ta t io n .  Th e  co rre c t n e ss  p ro o f  f o r  t h i s  a b s t ra c t  a l g o r i t h m  may t h e n

be g i v e n  w i t h  o n l y  a  f e w i n d u c t i v e  a s s e r t i o n s .

KEY WORDS & PHRASES: ALGOL 68, par enthes is  s t r uc tur e ,  e r r o r - c o r r ec t ion ,
minimax algebr a,  d i r ec t ed  graph, c or rec tnes s  pr oof ,
induc t iv e as s er t ions .

Th is p a p e r i s  n o t  f o r  re v i e w  i t  i s  meant f o r  p u b l i c a t i o n  e lse wh e re .





O. INTRODUCTION
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In  ALGOL 6 8  a n  abundance o f  p a re n th e s ize d  c o n s t ru c t s  i s  a v a i l a b l e  wh ich

may o c c u r  n e ste d  w i t h i n  one a n o t h e r.  Mo s t  o f  t h e se  c o n s t ru c t s  a re  re l e v a n t

to  t h e  ra n g e  . s t ru c t u re .  Th e re f o re ,  i t  i s  n o t  uncommon f o r  c o mp i le rs  t o  g i v e
up i f ,  a f t e r  t h e  fi r s t  p a s s ,  t h e  p a re n t h e s is  s t r u c t u r e  o f  t h e  so u rce  p ro g ra m

has been  fo u n d  i n c o r r e c t .  T h i s  h a s t h e  u n p le a sa n t  consequence t h a t  t h e  o p -

p o r t u n i t y  i s  l o s t  t o  g i v e  f u r t h e r  e r r o r  messages t h a t  may a s s i s t  i n  re d u c in g

the number o f  ru n s  b e f o re  t h e  p ro g ra m i s  s y n t a c t i c a l l y  c o r r e c t .

Unavo idab ly,  a  c o mp i le r  wh ich  does n o t  g i v e  up  h a s t o  imp o se  some

" i n t e rp re t a t i o n "  o n  a n  i n c o r r e c t  so u rce  t e x t .  I t  i s  co n ve n ie n t ,  t o  sa y  t h e

le a s t ,  i f  t h i s  i n t e r p r e t a t i o n  i s  t h e  same f o r  su cce ss ive  p a sse s.  One o b v io u s

way t o  a ch ie ve  t h i s  i s  t o  " c o r r e c t "  t h e  so u rce  t e x t  so  a s  t o  co mp ly w i t h  t h e

chosen i n t e r p r e t a t i o n .  S in c e  t h e  c o mp i le r  ca n n o t ,  o f  co u rse ,  fi n d  o u t  wh a t

i s  c o r r e c t  i n  t e rms  o f  t h e  i n t e n t i o n  o f  t h e  p rog rammer,  we  p r e f e r  t h e  l e s s

suggest ive  t e rm " r e p a i r i n g "  o f  i n c o r r e c t  so u rce  t e x t s .

The way i n  wh ich  t h e  r e p a i r i n g  a l g o r i t h m p re se n te d  h e re  was o b t a in e d

i s  re ma rka b le  enough t o  m e r i t  some wo rd s.  D i s s a t i s fi e d  w i t h  a n  e a r l i e r

a lg o r i t h m [ 2 ]  ,  wh ic h  appeared t o  p e r f o rm s i m i l a r  co mp u ta t io n s o v e r  and

o ve r,  t h u s  wa s t in g  t i me  and sp a ce ,  we  t r i e d  t o  c o n t ra c t  s i m i l a r  s t a t e s  t o

g e n e ra lize d  o n e s.  T h i s  re s u l t e d  i n  a n  o b scu re  n e t wo rk  o f  mo le cu la r  a c t i o n s

connected b y  ju mp s.  B y  s t u d y in g  t h e  fl o w  o f  c o n t r o l ,  we  b ro u g h t  t h e  n e t -

work i n t o  a  shape where  t h e  o n l y  c o n t r o l  s t r u c t u re s  we re  s imp le  s e l e c t i o n

and r e p e t i t i o n .  I n  s p i t e  o f  i t s  seeming  s i m p l i c i t y ,  h o we ve r,  t h e  a l g o r i t h m

evaded o u r  a t t e mp t s  t o  show c o n v in c in g ly  i t s  c o r re c t n e s s ,  t h e  b o t t l e -n e c k

be ing t h e  f o rmu la t i o n  o f  i n v a r i a n t s  and  o t h e r  a s s e r t i o n s ,  wh ic h  g re w i n t o

a lg o ri t h ms t h e mse lve s.

A b re a k-t h ro u g h  o ccu rre d  when we h i t  upon  t h e  id e a  o f  v ie w in g  t h e

a lg o r i t h m n o t  a s  ma n ip u la t in g  a  g ra p h ,  b u t  a s  p e r f o rmin g  o p e ra t io n s  o n  a

ma t r i x  re p re se n t in g  t h a t  g ra p h .  W i t h  a  s u i t a b l e  n o t a t i o n ,  t h e  co rre c t n e ss

p ro o f  t u rn e d  o u t  t o  b e  f e a s i b l e .

I .  FORMULATION OF THE PROBLEM

In  t h i s  p a p e r,  we  co n ce n t ra t e  o n  t h e  p a re n t h e s is  s k e le t o n ,  i . e . ,  t h e
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succession  o f  p a re n th e se s o c c u r r i n g  i n  t h e  so u rce  t e x t .  I t  i s  assumed t h a t

these p a re n th e se s a re  numbered f ro m 1 t o  n .  Mo re o ve r,  t h e r e  i s  a  p re d ic a t e

"ma tch ing "  wh ich  t e l l s  i f  t wo  g i v e n  pa ren theses ma tch  each  o t h e r .  F o r  t h e
sake o f  co n ve n ie n ce ,  t h e  p re d ic a t e  i s  d e fi n e d  o n  a  p a i r  o f  i n d i c e s  i  and  j ,

1 <  j  n ,  r a t h e r  t h a n  o n  t h e  pa ren theses t h e mse lve s.  A s  a  fi n a l  a ssu mp -

t i o n ,  t h e  co rre c t n e ss  o f  a  p a re n t h e s is  s k e le t o n  i s  d e te rmin e d  b y  t h e  f o l -

lo win g  syn t a x :

c o r re c t  s k e le t o n :  e n c lo s u re  sequence o p t io n .

e n clo su re :  STYLE open ing  p a re n t h e s is ,

c o rre c t  s k e le t o n ,

STYLE c l o s i n g  p a re n t h e s is .

Here, o f  co u rse ,  a  STYLE-open ing -pa ren thesis a n d  a  S TY L E -c lo s in g -p a re n th e s is

match. I t  sh o u ld  b e  n o te d  t h a t  t h i s  f o rmu l a t i o n  does n o t  r e q u i r e  t h a t  t h e

two s e t s  o f  ma rks re p re se n t in g  open ing  and  c l o s i n g  p a re n th e se s,  a r e  d i s j o i n t .

(There  a re  s e v e ra l  p ro b le ms i n  b r i n g in g  ALGOL-68's p a re n th e se s i n  t h i s  f ra me -

wo rk;  f o r  t h e  t i me  b e in g ,  h o we ve r,  we  a b s t ra c t  f r o m  th e se  c o mp l i c a t i o n s . )

A " re p a ra t i o n "  c o n s i s t s  o f  t h e  ma rk in g  o f  a  number o f  p a re n th e se s su ch  t h a t

d e le t io n  o f  t h e se  pa ren theses f r o m t h e  s k e le t o n  r e s u l t s  i n  a  c o r re c t -s k e l e t o n .

(Whether i n  p ra c t i c e  t h e se  pa ren theses w i l l  b e  a c t u a l l y  d e le t e d  o r  ma tch in g

ones sh o u ld  b e  i n s e r t e d ,  i s  a  ma t t e r  wh ich  f a l l s  o u t s id e  t h e  scope  o f  t h i s

p a p e r. )

An " o p t ima l  re p a ra t i o n "  i s  a  re p a ra t i o n  wh ich  ma rks t h e  l e a s t  p o s s ib le

number o f  p a re n th e se s.  Th e  p ro b le m i s  t o  d e t e rmin e  a n  o p t ima l  re p a ra t i o n

o f  a  g iv e n  p a re n t h e s is  s k e le t o n .

A "segment"  o f  a  s k e le t o n  may be  coded a s  a  p a i r  o f  i n t e g e rs  ( a ,  b ) ,  w i t h

0 5- a  5- b  n ,  a n d  t h e n  co mp rise s t h e  p a re n th e se s numbered f ro m a-1-1 t o  b

(so t h e  wh o le  s k e le t o n  i s  g i v e n  b y  ( 0 ,  n )  a n d  e a ch  segment ( a ,  a )  i s  e mp t y ).

I t  i s  c a l l e d  " n e u t r a l "  i f  i t  may be  p roduced  b y  t h e  above s y n t a x  f o r  c o r r e c t -
ske le to n .

The " e r r o r  v a lu e "  o f  a  segment i s  t h e  s ma l l e s t  number o f  p a re n th e se s t h a t



has t o  b e  d e le t e d  f ro m i t  i n  o rd e r  t o  n e u t r a l i z e  i t .

Ob vio u sly ,  t h e r e  i s  a  co n n e ct io n  between t h e  e r r o r  v a lu e  o f  t h e  segment

(0 , n )  a n d  t h e  o p t ima l  re p a ra t io n .  I n  t h e  se q u e l ,  we  co n ce n t ra t e  o n  a l g o -

r i t h ms  f o r  d e t e rmin in g  t h e  e r r o r  v a lu e ;  a n  o p t ima l  re p a ra t i o n  i s  t h e n  e a s i l y

ob ta ined  a s a  b yp ro d u ct .

2. ERROR VALUE AS SHORTEST PATH

I n  o rd e r  t o  d e t e rmin e  t h e  e r r o r  v a lu e  o f  a  segment,  we  may p roce ed  a s
f o l lo ws :

I f  t h e  segment i s  e mp ty,  i t s  e r r o r  v a lu e  i s  O .

Oth e rwise ,  d ra w a n  a rc  o v e r  each  p a re n t h e s is  a n d  l a b e l  i t  w i t h  a  l e n g t h  o f

I .  Mo re o ve r,  f o r  each  p a i r  o f  ma tch in g  p a re n th e se s,  d e t e rmin e  t h e  e r r o r

va lu e  o f  t h e  ( s h o r t e r )  segment e n clo se d  be tween t h e se  p a re n th e se s and  d ra w

an a r c  o v e r  t h e  wh o le  segment,  i n c l u d i n g  t h e  ma tch in g  p a re n th e se s,  l a b e l l e d

w i t h  t h a t  e r r o r  v a lu e .  Th e n  t h e  e r r o r  v a lu e  o f  t h e  segment i s  t h e  l e n g t h

o f  t h e  s h o r t e s t  p a t h  o b t a in a b le  b y  f o l l o w i n g  a rc s  f r o m t h e  b e g in n in g  t o  t h e

end, wh e re  t h e  l e n g t h  o f  a  p a t h  i s  t h e  sum o f  t h e  le n g t h s  o f  t h e  i n d i v i d u a l

a rcs i n v o l v e d .  A n  example  i s  g i v e n  i n  fi g u r e  1 .

F ig .  I .  A  segment w i t h  e r r o r  v a lu e  I .  I t  ca n

be n e u t ra l i z e d  b y  d e le t i n g  t h e  marked p a re n t h e s is .

Ob vio u sly,  t h e  e r r o r  va lu e  o f  a  n e u t ra l  segment i s  0 ,  a n d  t h e  a rc s  o f  t h e

sh o rt e s t  p a t h  p a rse  i t  a s  a  sequence o f  e n c lo su re s .  Th a t  i n  g e n e ra l  t h e
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e r ro r  v a lu e ,  s a y  e ,  d e t e rmin e d  b y  t h i s  p ro ce d u re  i s  c o r r e c t  may e a s i l y  b e

proved ( b y  i n d u c t i o n  o n  t h e  le n g t h  o f  t h e  segmen ts) b y  o b se rv in g ,  fi r s t ,

t h a t  a  n e u t ra l  segment may in d e e d  b e  o b t a in e d  b y  d e l e t i n g  a l l  p a re n th e se s

jumped o v e r  i n  a  s in g le -p a re n t h e s is  a r c  and  b y  n e u t r a l i z i n g  i n  t h e  same way

a l l  i n n e r  segments o f  l a r g e r  a r c s — w h i c h  le a d s  o b v io u s l y  t o  t h e  d e l e t i o n

o f  e x a c t l y  e  p a re n th e se s--a n d ,  se co n d ,  t h a t  e a ch  n e u t r a l i z i n g  a c t i o n  d e l e t i n g

d pa ren theses d e t e rmin e s a  p a t h  o f  l e n g t h  d ,  s o  e  d .

I t  ca n  be  se e n  t h a t  t h i s  p ro ce d u re  c o n s i s t s  o f  t h e  c o n s t ru c t i o n  o f  a n

a c y c l i c  d i re c t e d  g ra p h  whose edges ( t h e  a rc s )  a r e  l a b e l l e d  w i t h  t h e  le n g t h

o f  t h e  s h o r t e s t  p a t h  i n  a  subg raph .  I t  i s  n o t  d i f fi c u l t  t o  f o rmu la t e  i t  a s

an a lg o r i t h m wh ich  a vo id s  re co mp u t in g  t h e  e r r o r  v a lu e  o f  subsegments.  Ho w-

eve r,  f u r t h e r  o p t im iz a t i o n s  a re  p o s s ib le  (a n d  d e s i r a b l e ) ,  a n d  f o r  t h e  p u rp o se

o f  e s t a b l i s h i n g  t h e  co rre c t n e ss  o f  t h e se  o p t im iz a t i o n s  a  d i f f e r e n t  re p re s e n -
t a t i o n  i s  in t ro d u ce d .

3. ( m i n ,  )-AL GEBRAIC NOTATION

A co n ve n ie n t  way t o  e xp re ss a lg o r i t h ms  f o r  fi n d i n g  t h e  s h o r t e s t  p a t h

in  a  d i re c t e d  g ra p h  i s  t o  re p re se n t  t h e  g ra p h  b y  a  m a t r i x .  L e t  e a ch  edge

of t h e  g ra p h  b e  l a b e l l e d  w i t h  a  le n g t h  ( a  n o n n e g a t ive  r e a l
- -
o r ,  i n  o u r
a p p l i c a t io n ,  i n t e g ra l - -n u mb e r ) .  I n  o rd e r  t o  o b t a i n  a  u n i f o rm p ro ce ss,  u n -
connected v e r t i c e s  a re  co n s id e re d  connected  b y  a n  edge o f  l e n g t h  oo, s o  t h a t

the s e t  o f  p o s s ib le  le n g t h s  i s  g i v e n  b y  { lc  E I R :  x  0 }  u  f o o l.  A l s o ,  e a ch

v e r t e x  i s  connected  t o  i t s e l f  b y  a n  edge o f  z e ro  l e n g t h .  Now we ca n  r e p r e -

sent t h e  g ra p h  a s  a n  ( n 4
,
1 )  x  ( n 4 . 1 )  
m a t r i x  
A  
b y  
n u m b e
r i n g  
t h
e  
v e r t
i c e s  
f r
o m

0 t o  n  and t a k i n g  a s  e n t r y  A u ,  j ]  t h e  le n g t h  o f  t h e  edge f ro m v e r t e x  i  t o

v e r t e x  j .  A n  example  o f  a  g ra p h  and i t s  m a t r i x  re p re s e n t a t io n  i s  g i v e n  i n

fi g u re s  2 a  and 2 b .



Fig .  2 a ,  A  d i re c t e d  g ra p h .

0
1
2

3

4

x + y = y +  x

x +  +  =  +  y )  +  z

x x y = y x x

x x  ( y  x  z )  =  ( x  x  y )  x  z

x x  ( y  z )  = x x y l - x x z

F ig .  2 b .  M a t r i x  re p re s e n t a t io n  o f  t h e

graph i n  fi g .  2 a .

The mo st  imp o r t a n t  o p e ra t io n s  o n  le n g t h s  a re :  t a k i n g  t h e i r  min imum and

t a k in g  t h e i r  sum. F o r  t h e se  o p e ra t io n s  we  in t ro d u c e  t h e  f o l l o w i n g  n o t a t i o n :

For t wo  le n g t h s  x  and y ,  t h e  min imum o f  x  and  y  i s

denoted x  +  y  and  t h e i r  sum i s  deno ted  x  x  Y ,  wh e re ,

o f  co u rse ,  x  +  =  +  x =  x  and  x x . . . x x =  . . * )

I t  i s  e a s i l y  checked  t h a t  t h e  o p e ra t io n s  +  and  x  o b e y t h e  la ws  o f  commuta-

t i v i t y ,  a s s o c i a t i v i t y  and e ve n  d i s t r i b u t i v i t y ,  re a so n  why t h i s  n o t a t i o n  i s

c a l le d  a lg e b ra i c :

From t h e  i d e n t i t i e s x +  .  = x x 0  = x a n d x x m  . ,  i t  i s  se e n  t h a t  .

takes t h e  r o l e  o f  t h e  z e ro  e le me n t  and  0  t h a t  o f  t h e  u n i t y  e le me n t .

For i n d i c e s ,  " +"  r e t a i n s  i t s  co n ve n t io n a l  mean ing .  I t  w i l l  a lwa ys  b e
c le a r  f ro m t h e  co n t e x t  wh ich  o p e ra t io n  i s  in t e n d e d .
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I t  i s  u s e f u l  t o  keep  a l s o  t h e  f o l l o w i n g  f a c t s  i n  min d :

4. MATRIX OPERATIONS

I f  x  +  y  =  z  t h e n  z  x  and  z  y ;  mo re o ve r,  z  =  x  o r  z  =  y ,

I f  x  y ,  t h e n  x  +  y  =  x .

Using  t h i s  n o t a t i o n ,  we  ca n  now a ls o  d e fi n e  " a d d i t i o n "  and  " m u l t i p l i -
ca t io n "  f o r  ma t r i c e s :

A +  B  i s  d e fin e d  b y  ( A  +  B ) [ i  j ]  =  j ]  +  j i .

A x  B  i s  d e fin e d  b y  ( A  x  B ) [ i ,  3 ]  =  I  A [ i ,  k ]  x  B E k ,  j i ,

where t h e  summation  X i s  p e rfo rme d  u s in g  t h e  +  o p e ra t io n
in t ro d u ce d  i n  s e c t i o n  3 .

As i s  t o  b e  e xp e cte d ,  m a t r i x  a d d i t i o n  i s  a s s o c i a t i v e  and  co mmu ta t ive ,  m a t r i x

m u l t i p l i c a t i o n  i s  a s s o c ia t i v e  b u t  n o t  co mmu ta t ive ,  a n d  t o g e t h e r  t h e  o p e ra -

t io n s  a re  d i s t r i b u t i v e .  A l s o ,  t h e  m a t r i x  I  h a v in g  e n t r i e s  0  o n  t h e  ma in

d iagona l and  e n t r i e s  co e lse wh e re ,  s a t i s fi e s I x A = A x I =  A ,  a n d  so  se rve s

as t h e  i d e n t i t y  m a t r i x .  Fro m t h e  f a c t  t h a t  a l l  ma t r i c e s  h a ve  e n t r i e s  0  o n

the ma in  d ia g o n a l ,  i t  a l s o  f o l l o w s  t h a t  I  +  A  =  A .

The powers o f  a  m a t r i x  ca n  be  d e fin e d ,  a s  u s u a l ,  b y  A 0 =  I ,
+1

Ai  =  A
i  x  
A .  
T h
e  
m o
s t  
i m
p o
r t
a n
t  
o
p
e r
a t
i o
n ,  
f
o
r  
o
u
r  
p
u
r
p
o
s
e
s
,  
i
s  
g
i
v
e
n  
b
y

= AP +  +  +  A
n
.

Th is  ca n  be  i n t e rp re t e d  a s :  A
*
[ i ,  j ]  i s  
t h e  
l e n g t h  
o f  
t h e  
s h o r t e
s t  
p a t
h

f rom i  t o  j  b y  t a k i n g  0 ,  1 ,  . . .  o r  n  s t e p s .  S in c e  t h e  s h o r t e s t  p a t h  between

any t wo  v e r t i c e s  i n  a  g ra p h  w i t h  n+1 v e r t i c e s  c o n s i s t s  o f  a t  mo st  n  edges,

A*  j ]  i s  t h e  le n g t h  o f  t h e  s h o r t e s t  p a t h  f ro m i  t o  j .  Th e  o p e ra t io n  *

i s  u s u a l l y  c a l l e d  " t r a n s i t i v e  c l o s u re " .

From I  +  A  =  A ,  i t  f o l l o w s  t h a t  A i  +  A i+1 +  . . .  A n =

Ai  x  ( I  +  A ) +  +  A
n  =  A
i  x  A  
+  
+  
A
n  
=  
A
i
+ 1  
+  
+  
A
n  
s
o  
A
*  
=  
A
n
.

I n  t h e  g ra p h s o f  o u r  a p p l i c a t i o n ,  t h e r e  n e ve r i s  a n  edge f ro m i  t o  3



i f  i  >  j ,  s o  t h e  l o we r  t r i a n g l e s  o f  t h e  ma t r i c e s  a re  fi l l e d  w i t h  t
s .(Th is  i s  e q u iv a le n t  t o  t h e  s ta te me n t  t h a t  t h e  g ra p h s a re  n o t  o n l y  a c y c l i c ,

bu t  a l s o  t o p o l o g i c a l l y  s o r t e d . )  T h i s  p ro p e r t y ,  wh ic h  i s  p re se rve d  b y  t h e

o p e ra t io n s 4., x  a n d  * ,  w i l l  b e  t a c i t l y  assumed f ro m now o n .  ( I n  f a c t ,  i n

the a l g o r i t h m no  re f e re n ce  i s  e v e r  made t o  a n  e le me n t  j i  w i t h  i  >  j . )

From t h i s  p ro p e r t y  we d e r i v e

LEMMA I ,  A  E i ,  j i ' depends  on ly  on the  s u b
-
m a t r i x  A [ i  :  
j ,  
i  :  
j ] .

PROOF. S in c e  A
*  =  A
n
,  i t  
s u f fi
c e s  
t
o  
p r
o v
e  
t
h
a
t  
(
A  
x  
j
]  
d
e
p
e
n
d
s  
o
n
l
y

on A [ i  :  j ,  i  :  j ]  and  B [ I  :  j ,  i :  j ] .

(A x  B ) [ i ,  j ]  =  X  A E I ,  x  E k ,  j i  =  A E I ,  k i  x
k=0 k = i

s in ce  a l l  t e rms  w i t h  i  >  k  o r  k  >  j  h a ve  a  f a c t o r  e q u a l t o  00 a n d ,  t h e r e f o r e ,
do n o t  c o n t r i b u t e  t o  t h e  sum.

Since A *  =  A n A *  L i,  j i  ca n  b e  e xp re sse d  a s

•
A
[
i
,  
p
i
]  
x  
,  
p
2
]  
x

(13)
. x  A [ p
n
_

A
*
[
i
,  
j
]  
=  
X  
p  
]  
x  
x

m-I
m (P )

where t h e  summat ion  i s  p e rfo rme d  o v e r  a l l  (n 4 -1 )-t u p le s  P
k
)  w i t h= p

o  
5  
p
i  
5  
p
2  
5  
5  
p
n
_
i  
5  
p  
=  
j
,  
S
i
n
c
e  
A
E
x
,  
x
]  
=  
0
,  
t
h
e  
u
n
i
t  
e
l
e
m
e
n
t

o f  m u l t i p l i c a t i o n ,  f a c t o r s  w i t h  e q u a l i n d i c e s  may be  o mi t t e d ,  s o  we o b t a in

where t h e  summat ion  i s  p e rfo rme d  o v e r  a l l  (m1 -1 )-t u p le s ( p
k
)  w i t h= p 0 <  p

l  <  
<  
p
m
-
1  
<  
p
m  
=  
j
,  
f
o
r  
i
n  
2  
a
n
d
,  
f
o
r  
m  
=  
1
,  
o
v
e
r

= p 0 p I  =  j .  (We  need 5. h e re ,  r a t h e r  t h a n  < ,  s i n c e ,  o t h e rw is e ,  a l l
f a c t o rs  wo u ld  b e  o mi t t e d  f ro m t h e  p ro d u c t  i f  i  =  j ,  l e a v i n g  " n o t h in g "  t o  b e

summed.) I n  t h e  se q u e l ,  whenever t h e  above n o t a t i o n  i s  u se d ,  t h e  summat ion
conven t ion  ment ioned  h e re  i s  u n d e rsto o d .

Fo r t h e  sum o f  t h e  t e rms  o f  t h e  above summat ion ,  b u t  now e xc lu d in g  t h e

te rm j ] ,  t h e  n o t a t i o n
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+
A [ I ,  j

w i l l  b e  used  .  S o  we  have

= X  A l l ,  p  ]  x  x  A [ p
m
_
l
,  j ]

m22 ( p )

+
A
*
[
i
,  
j
]  
=  
A
u
,  
j  
+  
A  
[
l
,  
j
]
.

Fo r 1  =  j  o r  i + l  7  j ,  n o  ( p , )  s a t i s fi e s  t h e  c o n d i t i o n s  o f  t h e  summat ion
conven t ion ,  s o  i n  t h a t  ca se  A  [ i ,  j ]  =  oo, f r o m  wh ich  we a l s o  co n c lu d e  t h a t

then A
*
[ i ,  
j ]  
=  
j
]
.

Fo r t h e  + o p e r a t i o n ,  we  ca n  p ro ve

LEMMA 2 .  I f  A
l c
E p ,  
=  B
*
[ p ,  
q ]  
f o
r  
a
l l  
p
,  
q  
w
i
t
h  
i  
p  
q  
j
,  
w
i
t
h  
t
h
e

pos s ible ex c ept ion o f  p = i  and q = j ,  t hen  A
+
[ i ,  j ]  =  j ] .PROOF. A
4
[ i ,  
j ]  
=  
X
A
u
,  
P  
]  
x  
x  
A
[
p

m-1 '  j ]
m?.2 ( p )

/  X  ( g i ,  p
i
]  +  A
+
[ i ,  p
i
] )  
x  
.
•  
x  
( A E p
m
_
i
,  
j
]  
+  
j
]
)  
=

roZ2 ( p )

X X  A
*
[ i ,  
p i ]
x .  
P
m
_
i
,

. x A
*
[  
]  
=
Y  
1
E

•
111.?_2 ( p )  m k . 2  ( p )

X X  (
X1112 ( P )  m '  (

X B il l ,  p
i
;

m?.2 ( p " )

Bill,  p p  x

K r)  ,  p : i  x
m
i 
(
P
'
)  
m
-
'
1

, p
i
p  
xx B L p ,

1
,  
j ] ). x  B [ p "  - , j ]  =  j ] .m

• x  E
*
E
p
m
_
i  
,  
j
1
=
-(The u n e q u a l i t i e s  a re  a l l  s p e c i a l  ca se s o f  x  x  +  y ) .  S i m i l a r l y ,  we  fi n d

+ j ]  A +[ i ,  j ] ,  s o  A + j ]  =  j ] .

* )
The A  t h u s  d e fin e d ,  d o e s  n o t  s a t i s f y  I  +  A  =  A .+,  s o  i t  i s  n o t  t h e
ma t r i x  re p re s e n t a t io n  o f  a  g ra p h .  I t  i s  p u r e l y  in t ro d u ce d  f o r  p r o o f -
t e ch n ica l  re a so n s.



5. NOTATIONS FOR INDUCTIVE ASSERTIONS AND VERIFICATION RULES

The co rre c t n e ss  p ro o f  o f  t h e  a l g o r i t h m i s  g i v e n  b y  i n s e r t i n g  a  number
o f  a s s e r t io n s  i n  t h e  t e x t  and  b y  v e r i f y i n g  n e x t  a  number o f  v e r i fi c a t i o n

co n d i t io n s ,  g e n e ra te d  b y  v e r i fi c a t i o n  r u l e s .  Th e se  r u l e s  h a ve  been  chosen
such t h a t  t h e  number o f  i n s e r t e d  a s s e r t i o n s  i s  l i m i t e d .

Each a s s e r t i o n  i s  e n clo se d  be tween {  a n d  } .  Compound a s s e r t i o n s  a re

w r i t t e n ,  e . g . ,  { A ,  B ,  C } ,  mean ing  { A  A B  A  C } .  I f  A  i s  a n  a s s e r t i o n ,  t h e n

A c ( v : =  e )  s t a n d s  f o r  A  w i t h  e  s u b s t i t u t e d  f o r  v .  T h i s  s u b s t i t u t i o n  sh o u ld

be t a ke n  i n t e n t i o n a l l y  r a t h e r  t h a n  l i t e r a l l y .  F o r  e xa mp le ,  i f  A  sta n d s f o r

8141 x  y  =  z ,  t h e n  A  c ( a [ 2  x  2 ] : =  x  +  I )  s t a n d s  f o r  ( x  +  1 )  x  y  =  z .
I n  a  s e r i e s ,  t h e  sta te me n ts a re  n o t  se p a ra te d  b y  g o -o n -symb o ls ,  b u t  b y

a sse rt io n s .  Th e  co rre c t n e ss  o f  a  s e r i e s  i s  checked  b y  v e r i f y i n g  t h e  c o r r e c t -

ness o f  each  s t a t e me n t  w i t h  re sp e c t  t o  i t s  su rro u n d in g  a s s e r t i o n s ,  o r ,  i n
the n o t a t i o n  o f  t h e  v e r i fi c a t i o n  r u l e s :

. . .  { A  }  S  { A
p
-
I  
P  
P

{ A
1
1
,  
{
A
p
_
1
}  
S
p  
{
A
i
p
}
.

Fo r t h e  o t h e r  t y p e s  o f  s ta te me n ts o c c u r r i n g  i n  o u r  a l g o r i t h m,  we  have  t h e

f o l lo w in g  v e r i fi c a t i o n  r u l e s :

IA1 v : =  e  {13}:  1A1 { B  c ( v : =  e ) } .

1A1 i f  C t h e n  S1 e l s e  S2 fi  0 3 1 :

{A, 0  s
i  
0 3 1
,  
I A ,
-
1  
0  
S
2  
I
B
1
.

IA1 f o r  v  f ro m f  b y  -
1  t o  t  
{ B }  
d o  
S  
o d

f  t - I ,
{A } t B  c ( v : =

1B, v  f ,  v  t 1  S  { B  c O n =

c ( v : =  t - I ) 1  I C / .
)
1
,

These r u l e s  h a ve  t o  b e  a p p l ie d  re p e a t e d ly ,  u n t i l  t h e  ca se  i s

no s ta te me n t  se p a ra te s t h e  a s s e r t io n s  ( a s  i n  t h e  r u l e  f o r  a ss
The v e r i fi c a t i o n  c o n d i t i o n  i s  t h e n  t h a t  t h e  fi r s t  a s s e r t i o n  (

reached whe re

ig n a t io u s ) .
" an teceden t " )
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0 i f  i  =

1 i f  1_4.1 =
Q [ i ,  j ]  =

e [ i + 1 , j
-
1
]

i f  i + 1 A ma t ch in g ( i+ 1 ,
o th e rwise .

imp l ie s  t h e  second one  (" co n se q u e n t " ).  I t  sh o u ld  b e  re ma rke d  t h a t  t h e  l a s t

ru l e  g i v e n  i s  n o t  t h e  mo st  g e n e ra l  o n e ,  b u t  t h a t  i t  i s  t a i l o r e d  t o  t h e  l o o p -
cla u se  w i t h  a  s t e p  o f  - 1  a n d  w i t h  f  t
-
1 .  A l s o ,  t h e  
r u l e  
f o r  
t h e  
c o n d i t i o
n -

a l
-
c l
a
u
s
e  
i
s  
o
n
l
y  
g
i
v
e
n  
f
o
r  
c
l
a
r
i
t
y
'
s  
s
a
k
e
;  
i
t  
p
l
a
y
s  
n
o  
r
o
l
e  
i
n  
t
h
e  
p
r
o
o
f
.

(0 f  co u rse ,  t h e s e  r u l e s  a re  re l a t e d  t o  t h o se  o f  Ho a re ' s  a x io ma t i c  method

[ 1 ] ,  b u t  in s t e a d  o f  d e r i v i n g  co rre c t n e ss  o f  t h e  wh o le  t e x t  b y  b o t to m-u p

a p p l i c a t io n  o f  r u l e s ,  v e r i fi c a t i o n  c o n d i t i o n s  a r e  gene ra ted  b y  to p -d o wn

a p p l i c a t i o n . )

I n  o rd e r  t o  b e n e fi t  mo re  f u l l y  f ro m t h e  r u l e  f o r  a s s ig n a t io n s ,  a  c o l l a t e r a l

a ss ig n a t io n ,  l i k e

6. THE ALGORITHM

v : =  e  v  : =  e1 1 '  2  2

i s  u se d ,  w i t h  t h e  s y n t a c t i c  p o s i t i o n  o f  a  s t a t e me n t .  I t  w i l l  o n l y  b e  used

i f  v
i  
:
0
:  
v
2  
a
n
d  
e
l  
d
o
e
s  
n
o
t  
d
e
p
e
n
d  
o
n  
v
2  
n
o
r  
e
2  
o
n  
v
i
,  
o
r
,  
i
n  
o
t
h
e
r  
w
o
r
d
s
,

o n ly  i f  A c  ( 7
1
: =  e
l
,  v
2
: =  e
2
)  
E  
A  
c  
( v
1
: =  
e
l
)  
c  
( v
2
: =  
e
2
)  
E

A c ( v
2
: =  
e
2
)  
c  
(
A
y
=  
e
l
)
.  
F
u
r t
h
e
r
m
o
r
e
,

V i  [ p  :  q i :  v
i
: =  e
ii s  u se d ,  w i t h  t h e  meaning

vp: =  e  ,  v
p 4 . 1
: =  
,  
v
q
: =  
e

I n  o rd e r  t h a t  a n  a lg o r i t h m f o r  d e t e rmin in g  t h e  e r r o r  v a lu e  ca n  be

f o rma l l y  p ro ve d  c o r r e c t ,  a  more  f o rma l  d e fi n i t i o n  o f  e r r o r  v a lu e  i s  needed.

Using  t h e  (m in ,  - 0 - a l g e b r a i c  n o t a t i o n ,  we  ca n  w r i t e :

e r ro r  v a l u e [ i ,  j ]  =  Q
*
E i „  w h e r e



Ob vio u sly ,  Q  i s  t h e  m a t r i x  re p re s e n t a t io n  o f  t h e  g ra p h  in t ro d u ce d  i n  s e c t i o n

2, wh e re  t h e  edges a re  d i re c t e d  f ro m l e f t  t o  r i g h t .  T h a t  t h e  re c u rs i o n  i n

t h i s  d e fi n i t i o n  i s  w e l l  g rounded f o l l o w s  f r o m  Lemma 1 ,  u s i n g  i n d u c t i o n  o n

j  -

The a l g o r i t h m computes, co lu mn  b y  co lu mn ,  a  m a t r i x  R su ch  t h a t  R  =  Q.

I t  ru n s ,  t o  a  fi r s t  l e v e l  o f  a p p ro x ima t io n ,  a s  f o l l o w s :

Le t RQ s ta n d  f o r

and PT f o r

REO, O l : =  0

{REO :  0 ,  0  :  O l  =  QE0 :  0 , 0  :

f o r  i  f ro m 1 b y  1 t o  n

{REO :  i
-
1 ,  
0  
:  
=  
Q
[
0  
:  
1
-
1
,  
0  
:  
-
1
]
}

do A d d i t i o n  o f  p a re n t h e s i s ( i )  o d

{ R N  :  n ,  0  :  n l  =  QEO :  n ,  0  :  n i }
R:= R

{R =  Q
*

I t  i s  t h e  p a r t  " A d d i t i o n  o f  p a re n t h e s e s ( i ) "  t h a t  w i l l  b e  wo rked  o u t  f u r t h e r .
The v e r i fi c a t i o n  c o n d i t i o n  f o r  t h i s  p a r t ,  u s i n g  t h e  o b v io u s e q u iv a le n t  f o r

a s t e p  +1 o f  t h e  lo o p -c la u s e  r u l e  g iv e n  above ,  i s

{REO :  i - 1 ,  0  :  =  QE0 :  i - 1 ,  0  :  1 ,

A d d i t io n  o f  p a re n t h e s i s ( i )

{ R N  :  i
,  
0  
:  
=  
Q
E
0  
:  
1
,  
0  
:  
i
l
l
.

Fo r s i m p l i c i t y ,  w i t h i n  t h i s  p a r t  1  i  n  w i l l  b e  t a ke n  a s  a  g lo b a l  f a c t ,

so t h e re  i s  n o  need t o  d ra g  i t  a lo n g  a l l  t h ro u g h  t h e  p ro o f .

The co rre c t n e ss  p ro o f  g iv e n  b e lo w uses t h e  n o t a t io n s  R ' ,  Q '  a n d  R.  Th e se
n o ta t io n s a re  in t ro d u ce d  t o  l e t  t h e  p ro o f  d o  d o u b le  d u t y ;  f o r  t h e  t i me

be ing ,  t h e y  sh o u ld  b e  re a d  a s  R,  Q  and R,  r e s p e c t i v e l y .

WE ° :  i - 1 ,  0  :  =  WE 0  :  i - 1 ,  0  :

: =  Q
I
E j  :V k  E E l  :  j l :  +  X  R [ k ,  z ]  x  R

*
L z ,  =  R
*
[ k ,  i - 1 ] .

z=k+1

1
1
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( I n  v ie w  o f  t h e  f a c t  t h a t  t h e  l o we r  t r i a n g l e s  a r e  u n d e rsto o d  t o  c o n t a in

e n t r ie s  0. ,  RQ ca n  be  co n s id e re d  a  co n ve n ie n t  a b b re v ia t i o n  f o r :

R
1
E
p
,  
q  
=  
Q
1
E
p
,  
q  
f
o
r  
a
l
l  
p
,  
q  
s
u
c
h  
t
h
a
t  
0  
_  
p  
q  
_  
i
-
1
.
)

The p a r t  " A d d i t i o n  o f  p a r e n t h e s i s ( i ) "  may t h e n  b e  w r i t t e n  a s f o l l o w s :

7. VERIFICATION

EEO

R[ i -1  :  i ] : =  ( I ,  0 ) ,  V  k  E l  :  i - 2 ] :  T [ l t ] : =  T [ i - 1 ] : =  0

{ N ,  P T c  ( j
:
=  i
_
0 }

f o r  j  f r o m  i - 1  b y  -1  t o  1

PT}

do R [ j - 1 ,  i ] : =  ( m a t c h i n e j ,  i )  1  T [ j ]  I  co ),
V k  E l  :  j - I  :  T [ k ] : =  TE M +  I tEk,  j i  x  T E j ]

od

IRO c  ( i : =  i + 1 ) }

By a p p ly in g  t h e  v e r i fi c a t i o n  r u l e s ,  p e r f o rmin g  s u b s t i t u t i o n s  a nd

s i mp l i f y i n g  t h e  r e s u l t  whe re  a p p ro p r ia t e ,  we  o b t a i n  t h e  f o l l o w i n g  fi v e

v e r i fi c a t i o n  c o n d i t i o n s ,  e a ch  t i me  f o l l o we d  b y  a  p ro o f  o f  t h e  n o n -o b vio u s

p a rt s :

V I :  M O  E N ,  ( 1 1
1
E i - 1  :  
i ,  
i ]  
=  Q
1
E i - 1  
:  
i
,  
i i
)  
c  
( E
[ i
-  
:  
i
,  
i
]
:
=  
(
1
,  
0
)
)
,

i -1
V k  E l  :  i - 2 ] :  =  +  R E k ,  z ]  x  R
*
[ z ,  i - 1 ]  =  R
*
[ k ,  i
- 1
] ,

z=k+1

i -1
0 +  X  R  i - 1 ,  z i  x  R
*
[ z ,  i - 1 ]  
=  R
*
E i - 1  
1 / .

z= i

Since R
1  =  
R  
a n
d  
Q
1  
=  
Q
,  
t
h
e  
a
s
s
e
r
t i
o
n  
E
1
E
i
-
1  
:  
i
,  
i
i  
=  
E
i
-
1  
:  
i
,  
i
]

stands f o r  I t [ i - 1  :  i ,  i ]  =  :  i ,  1 ] ,  wh i c h ,  a f t e r  s u b s t i t u t i o n  o f

( I ,  0 )  f o r  R E i - I  :  i ,  i ] ,  re a d s  a s  ( I ,  0 )  =  OE1-1 :  i ,  i ] .  T h a t

Q H-1 ,  i l  =  1  a n d  Q E i,  i i  =  0  f o l l o w s  imme d ia t e ly  f ro m t h e  d e fi n i t i o n  o f



R
*
E
k
,  
c
a
n  
b
e  
w
r
i
t
t
e
n  
a
s  
X  
E
C
k
.
,  
p
i
]  
x  
x  
i
-
1
]
.

m (p)
Since k  <  i - 1 ,  we  have  k  <  p
i  f o r  e a c h  
p
i  a l s o .  
B y  
s u m m i
n g  
fi r s t  
o v e
r  
e a
c h

p
i  
=  
z
,  
k  
<  
z  
i
-
I  
a
n
d  
f
a
c
t
o
r
i
n
g  
o
u
t  
R
[
k
,  
z
]
,  
w
e  
o
b
t
a
i
n

V2: i - 1  I - 1 .

i -1
R
*
[
l
c
,  
-
1
]  
=  
X  
I
t
[
k
,  
z
]  
x  
(
X  
X  
R
E
z
,

z=k+1 m  ( p )
i-1
X
z
I  
x
*
[
z
,  
i
-
1
]
.

z=k+1

Th is f o l l o w s  f r o m  t h e  g l o b a l  f a c t  t h a t  I  n o

V3: I RQ ,  P T c  ( j : =  i - 1 ) 1  {RQ,  P T c  ( j : =  i - 1 ) } .

V4: I RQ ,  R ' E j  : i ,  i i  =  ( f f j

x R
E p
m
-
1  
i
-
1
]
)  
=

i

(The t e r m  co a p p e a rin g  i n  V I  d o e s n o t  c o n t r i b u t e  t o  t h e  su m. )

Since B
*
[ i - 1 ,  
i -
1 ]  
=  
0  
a
n
d  
0  
+  
x  
=  
0  
f
o
r  
a
n
y  
x
,  
t
h
e  
l
a
s
t  
c
o
m
p
o
n
e
n
t  
o
f  
V
I
'
s

1
consequent h o ld s  a l s o

V k  E l  :  j ] :  TE k ]  +  R [ k ,  z ]  x  R
*
[ z ,  =  R
*
E k ,  i
-
1 ] ,

z=k+1

j  i
-
1
/  
j  
?
-  
1
/

R ' E j -1 ,  I ]  =  ( R [ j
-
1 ,  : =  
( m a t c h i n
g ( j , i )  
1

R ' [ j  : i ,  i ]  =  W E j  :  i ,  i ] ,

j
-
1

V k  c  E l  :  j -  :  T [ k ]  R E k ,  j i  x  T [ j ]  +  R [ 1 c ,  z ]  x  R
*
[ z ,  i - 1 ]  =

z=k+1 i

R
*
E
k
,  
i
-
1
]
}
.

From T [ j ]  +  R E j ,  x  R
*
[  ,  i - I ]  =  
R
*
E j ,  i -
I ] ,  
w e  
d e d u c
e

z= j+ I

T [ j ]  =  R
*
E j ,  
I - 1
]  
( t
h e  
s u
m m
a t
i o
n  
i
s  
e
m
p
t
y
)
.

Since R '  =  R and 0  =  Q,  we  have  t o  show

13

Ej
] 
H
f
l
,



1 4

Q [ j
-
1  
i
]  
=  
m
a
t
c
h
i
n
g
(
j
,  
i
)  
I  
T
[
j
]

Using  T [ j ]  =  e [ j ,  i - 1 ] ,  R  =  R and R[ 0  :  i - 1 ,  0  :  i - 1 ]  =  Q [0  :  i - 1 ,  0  :  ]

(R0 ),  we  o b t a in  t h e  c o n d i t i o n

Q [ j -1 ,  i ]  =  (me t c h i n g ( j ,  i )  I  e [ j ,  i
- 1
]

wh ich  f o l l o w s  imme d ia t e ly  f ro m t h e  d e fi n i t i o n  o f  Q .
The l a s t  component o f  V 4 ' s  consequent f o l l o w s  f r o m  t h e  t h i r d  component o f

i t s  a n te ce d e n t ,  t o g e t h e r  w i t h  T [ j ]  =  R
*
[ j ,  i - 1 ] .V5: I M [ 0  :  i - 1 ,  0  :  i - 1 ]  =  0
1
[ 0  :  i - 1 ,  
0  :  
i - 1 ] ,

R'ILO :  i ,  i i  =  Q
I
[ O  :
V k  E [ 1 ,  0 ] :  . . . 1

1 R
1
[ 0  
:  
i
,  
0  
:  
Q
t
[
o  
:  
i
,  
0  
:  
i
l
l
.

8. OPTIMIZATION OF THE ALGORITHM

Ju st  l i k e  a  g ra p h  may b e  re p re se n te d  b y  a  m a t r i x ,  we  may re p re se n t

a m a t r i x  b y  a  g ra p h .  U s u a l l y ,  t h e  g ra p h  re p re s e n t a t io n  i s  mo re  e f fi c i e n t

i f  t h e  ma t r i x  i s  sp a rse ,  i . e . ,  c o n t a in s  many e le me n ts e q u a l  t o  co. S in c e

the ma t r i c e s  o c c u r r i n g  i n  t h e  p ro ce ss a re  sp a rse  in d e e d ,  a  g ra p h  re p re se n -

t a t i o n  i s  used  i n  t h e  a l g o r i t h m on  a  l o we r  l e v e l  o f  a b s t ra c t i o n ,  wh e re  a

ma t r i x  A  i s  re p re se n t e d  b y  a s s o c ia t in g  w i t h  p a re n t h e s is  j ,  s a y ,  t h e  s e t

E(A, j )  o f  p a i r s  ( i ,  j ] )  w i t h  i  <  j  a n d  j ]  <  00. S o ,  i n  t h i s  r e -

p re se n t a t io n ,  t h e  a rc s  a s  i n  fi g u r e  1  a r e  p o i n t i n g  backwards r a t h e r  t h a n

fo rwa rd s.  L o g i c a l l y ,  t h i s  i s  i n d i f f e r e n t ,  b u t  t h e  e f f e c t  i s  t h a t  t h e  c o n -

c re t e  imp le me n t a t io n  o f  t h e  a b s t ra c t  a l g o r i t h m i s  much more  e f fi c i e n t  t h a n

i t  wo u ld  be  o t h e rwis e .  F o r  examp le ,  t h e  a s s ig n a t io n

is  imp le me n te d  a s

V k  E l  :  j - 1 ] :  T [ k ] : =  T [ k ]  +  R [ k ,  j ]  x  T [ j ]

V ( k ,  e )  E ( R ,  j ) :  T [ k ] : =  T [ k ]  +  e  x  T [ j ] .



I t  may b e  seen  t h a t  t h e  g ra p h  re p re s e n t a t io n ,  f o r  sp a rse  ma t r i c e s  R,  i s  n o t

o n ly  more  e f fi c i e n t  i n  space ,  b u t  a l s o  i n  t ime .

Now we ca n  make t h e  f o l l o w i n g  o b se rva t io n .  O u r  a l g o r i t h m computes

R =  Q,  b u t  we  a re  n o t  so  much i n t e re s t e d  i n  Q,  b u t  r a t h e r  i n  Q .  F o r  t h a t

reason, a n y  R su ch  t h a t  R*  = *  w i l l  s e rv e  o u r  p u rp o se  e q u a l l y  w e l l .  Ho p e -

f u l l y ,  su ch  a n  R ca n  be  made s p a rs e r  even  t h a n  Q.

Now, i f  we  l o o k  a t  fi g u r e  3 a ,  we  se e  a  s k e le t o n  where  a n  a r c  i s  f o u n d

o f  a t  mo st  e r r o r  v a lu e  a  x  b  x  1 ,  g i v e n  t h e  f a c t  t h a t  t h e  t wo  i n n e r  segments

in d ica t e d  b y  " . „ "  have  e r r o r  va lu e s  o f  a  and  b ,  r e s p e c t i v e l y .  T h i s  a r c

corresponds t o  a  fi n i t e  e n t r y  i n  Q. A s  ca n  b e  seen  f ro m fi g u r e  3 b ,  h o we ve r,

t h i s  e n t r y  i s  su p e rflu o u s  i n  R i f  we  a re  o n l y  i n t e re s t e d  i n  R
*  =  Q
*
,  s i n c e

the e n t r y  i n  R f o r  t h i s  segment i s  a l re a d y  a t  mo st  a  x  b  x  1 .  Mo re o ve r,

the t wo  p a th s co rre sp o n d  t o  d i f f e r e n t  i n t e r p r e t a t i o n s  ( i n d i c a t e d  b y  ma rk in g

the i n c o r r e c t  b ra ce  w i t h  a n  a s t e r i s k ) ,  a n d  o f  t h e se ,  f r o m  a  human p o in t  o f

v ie w t h e  one i n  fi g u r e  3 b  i s  p re f e ra b le  t o  t h a t  i n  fi g u r e  3 a .

F ig .  3 a . A s e g m e n t  w i t h  e r r o r  v a lu e  _ , , a x b x  1 .

F ig .  3 b ,  A  d i f f e r e n t  wa y o f  e x h i b i t i n g  t h a t  t h e

segment i n  fi g u r e  3 a  h a s e r r o r  v a lu e  5 _ a x b x  I .

15
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In  o rd e r  t o  imp le me n t  t h e  improvement  suggested  b y  t h e se  c o n s id e ra t io n s ,

we me re ly  have t o  re d e fi n e  t h e  meaning o f  R:

REp, q ]  =

r
.  
i
f  
p
+
1 
= 
q 
a
n
d 
m
a
t
c
h
i
n
g
(
q
,  
i
)  
o
r  
e
q
u
a
l
(
q
,  
i
)
,

Here, " e q u a l "  i s  a n y  p re d ic a t e  su ch  t h a t  ma tch in g ( i ,  j )  a n d  e q u a l (k ,  j )

imp l ie s  ma t c h in g ( i ,  k )  f o r  i  <  k .
The same a l g o r i t h m w i t h  t h e  same v e r i fi c a t i o n  c o n d i t i o n s  a s  i n  t h e

p reced ing  s e c t i o n  a p p l ie s  now,  b u t  R '  h a s  now t o  b e  re a d  a s  R
*  a n d  Q '  a s  Q
*
.

Ob vio u sly,  t h e  v e r i fi c a t i o n  i t s e l f  goes t h ro u g h  a t  a l l  p la ce s  wh e re  no  u se

is  made o f  t h e  meaning o f  R
I
,  Q '  o r  
R ,  s o  
o n l y  
t h e  
t w o  
p l a c
e s  
w h e
r e  
t h
i s

i s  n o t  t h e  ca se  have  t o  b e  re ch e cke d .

The fi r s t  o c c a s io n  i s  i n  t h e  v e r i fi c a t i o n  o f  V I .  A s  we  have  se e n  i n

se c t io n  4 ,  f r o m  t h e  i d e n t i t y  A
*
E i ,  j ]  =  
A C i ,  
j ]  
+  
A  
C i ,  
j ] - i t  
f o l l o
w s  
t h a
t

A* [ i ,  j ]  =  j i  i f  i  =  j  o r  i+ 1  =  j ,  Co n se q u e n t ly ,  t h e  meaning o f

R " E i
-
1  
:  
i
,  
n  
i
s  
i
n
d
i
f
f
e
r
e
n
t  
t
o  
R
'  
s
t
a
n
d
i
n
g  
f
o
r  
R  
o
r  
f
o
r  
R
*
.  
T
h
e  
a
n
a
l
o
g
o
u
s

r e s u l t  h o ld s  f o r  W [ i - 1  : i ,  i i ,  s o  t h e  v e r i fi c a t i o n  o f  V I  i s  l e f t  i n t a c t .
The second  o cca s io n  i s  i n  V4 ,  wh e re  we now have t o  v e r i f y  ( t a k i n g  t h e

e sse n t ia l  p a r t ,  a n d  u s in g  T E j ]  =  R
*
E j ,  i - 1 ] ) :

Using  R
*  =  
R  
+  
e  
a
n
d

f
e
E
0  
:  
i
-
1
,  
0  
:  
=  
Q
*
E
0  
i
-
1
,  
0  
:  
i
-
1
]
,

R
*
L
i  
:
i
,  
i
]  
=  
Q
*
[
j  
:  
i
,  
i
]
,  
j

i ( R
*
E j
-
1 ,  
i
]  
=  
Q
*
E
j
-
1
,  
c  
(
R
[
j
-
I
,  
i
]
:
=

Omatch ing (j,  i )  I  R
*
[ j ,  i - 1 ]  
I  . . )
) 1 .

(ma t ch in g ( j ,

QE3-1, i ]  +

Since R
*
E p ,  
=  
Q
*
E p
,

the p o s s ib le  e xce p t io n

1 1
- 1
1 j
-
1 ,  
=  
n

p, 0  o t h e rwis e .

i )  I  R
*
[ j i ]

0  f o r  a l l

o f  p  =  j - 1
. Fro m t h e

++ ,  t h e  consequent ca n  be  w r i t t e n  a s

, i
-
1
]  
I  
+  
R
4
1
j
-
1
,  
I
]  
=

p, q  su ch  t h a t  3 -1  p  q  i ,  w i t h

and q  =  i ,  we  h a ve ,  f r o m  Lemma 2 ,

d e fi n i t i o n  o f  Q ,  we  have  Q [ j - 1 ,  i i  =



O ma t ch in e j ,  i )  I  e [ j ,  i - 1 ]  I  0 . ) .  Us in g  t h e se  i d e n t i t i e s ,  we  may r e w r i t e

the consequent a s

(ma t ch in g ( j ,  i )  I  R
*
[ j ,  i - 1 ]  
I  
c o )  
+  Q
4
1 j
-
1 ,  
i i  
=

(ma t ch in g ( j ,  i )  I  Q
*
[ j ,  i - 1 ]  
I c
° )  
+  e
[ j
- 1
,

ma t ch in g ( j ,  i ) ,  t h e  t r u t h  o f  t h i s  a s s e r t i o n  i s  o b v io u s .  We t h e re f o re

co n ce n t ra te  o n  t h e  ca se  where  me t c h in g ( j ,  i ) ,  a n d  have  t o  show

* i
-
I ]  
+  
i
]  
=  
e  
0
Q

[ j ,  i
-
l ]  
+  
+
E
j

R N ,  - 1 ,  i ] .

I t  i s  s u f fi c i e n t  t o  e s t a b l i s h  t h e  e x is t e n ce  o f  a  va lu e  x ,  s u c h  t h a t

R
*
[
j
,  
i
-
1
]  
+  
x  
=  
R
*
[
j
,  
i
-
1
]  
a
n
d

+
x +  Q E j  1 ,  =

s in ce  i n  t h a t  ca se  we fi n d

R
*
[
j
,  
i
-
1
]  
+  
=  
R
*
E
j
,  
i
-
1
1  
+  
(
x  
+  
Q
+
E
j
-
1
,  
i
i
)  
=

( R
*
E j
,  
]  
+  
x
)  
+  
=  
R
*
E
j
,  
i
-
I
]  
+  
i
]  
=

Q
*
E
j ,  
i
-
1
1  
+

The second e q u a t io n  i n v o l v i n g  x  su g g e sts t h a t  x  sh o u ld  b e  t a ke n  a s  l a r g e

as p o s s ib le .  F ro m t h e  fi r s t  e q u a t io n ,  we  se e  t h a t  we  ca n  t a k e  f o r  x  t h e
sum o f  t h o se  t e rms  i n

R
*
[ j
,  
i
-
1
]  
=  
X  
R
E
j
,  
x  
R
E
p
m
_
i
,  
i
-
1
1

m (P )

wh ich  have  " d isa p p e a re d "  i n

R
*
E
j
,  
=  
X  
R
E
j
,

m (P )
x R E p
m
_
i
,  
i -
1 ]

1
7
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by t h e  t r a n s i t i o n  f ro m R t o  R.  Th e se  t e rms mu st  i n v o l v e  some f a c t o r

R E p
k
_
i
,  
P
k
]  
0  
" 3
1
4 )
k _
i
,  
P
k
]  
(
a
n
d
,  
t
h
e
r
e
f
o
r
e
,  
R
E
p
k
_
i
,  
p
k
]  
=  
c
o
,  
s
o  
t
h
e  
t
e
r
m

does d isa p p e a r in d e e d ).  T h i s  i m p l i e s ,  b y  t h e  d e fi n i t i o n  o f  R,  t h a t

P
k
-
1  
=  
P
k  
-  
1  
a
n
d  
m
a
t
c
h
i
n
g
(
p
'  
i
)  
o
r  
e
q
u
a
l
(
p
k
,  
i
)
,

k
Taking  t o g e t h e r t h e  t e rms  h a v in g  a  fi x e d  f a c t o r  R [ z -1 ,  z ]  i n  common, we
o b t a in

= R [ i ,  P
i
]  x  ▪  
x  R
[ z - 1
,  
z
]  
x  
x
R
[ P
m
_
j
]  
=

m (P )

( X  R [ j ,  p i ]  x  x  R E p
1
;
1
1 _
1
,  z
-
I  )  x  
R [ z - 1 ,  
z ]  
x

Tri
t 
0
?
)

x ( 1  R [ z ,  p i ]  x  x  i - 1 ] )
n
o  
)z
-
I
]  
x  
R
*
[
z
-
1
,  
z
]  
x  
R
*
[
z
,  
i
-
1
]  
=

Q
*
[
. j
,  
z
-
1
]  
x  
Q
*
[
z
-
1
,  
z
]  
x  
e
[
z
,  
i
-
I
]  
Q
*
[
j
,  
z
-
1
]  
x  
1  
x  
Q
*
[
z
,  
i
-
1
]
.

I f  ma t ch in g (z ,  i ) ,  QEz-1 ,  i ]  =  Q
*
E z  i - 1 1 .  
A l s o ,  C
[ j - 1 ,  
j ]  
=  
1 ,  
s o

x =  Q* [ j ,  z - 1 ]  x  1  x * Ez, ]  =

Q [ j -1 ,  j ]  x  Q
*
[ j ,  
z - 1 ]  
x  
Q E z
- 1  
i
]  
=

Q [ j
-  
(
X  
X  
Q
E
.
i
,  
•  
x  
(
g
p  
_  
z
-
I  
)  
x  
Q
[
z
-
I
,  
i
i

m ( P )

/
mk.2 ( p )

S i m i l a r l y ,  i f  e q u a ls (z ,  i ) ,  wh ic h  i m p l i e s  ma t c h i n g ( j ,  ,  we  fi n d

x =  Q* [ j ,  z - 1 ]  x  1  x  Q* [ z  1 - 1 ]  =

Q [ j - I ,  z ]  x  Q
*
[ z ,  
i - 1 ]  
x  
Q U -
1 ,

= ]
.

• x  Q [ P
m
_

So, i f  ma t ch in g (z ,  i )  o r  e q u a ls (z ,  i ) ,  x  +  Q E j - 1 ,  i ]  =  Q▪  [ j -1 ,  ] .

Since x  i s  t h e  sum o f  a l l  t h e se  x z '  we  have



x +  i ]  =  x  )  e [ i
- 1
,  =

Th is co mp le te s t h e  v e r i fi c a t i o n  o f  t h e  a l g o r i t h m u n d e r t h e  o p t i m i z a t i o n

in t ro d u ce d  b y  t h e  new d e fi n i t i o n  o f  R.

9. FURTHER OPTIMIZATIONS

Another q u i t e  imp o rt a n t  o p t i m i z a t i o n  ca n  be  o b t a in e d  i f  we  ca n  d i s -

t in g u is h  between open ing  and c l o s i n g  p a re n th e se s.  L e t  p re d ic a t e s  "maybe

opening p a re n t h e s is "  and  "maybe c l o s i n g  p a re n t h e s is "  b e  d e fin e d  w i t h  t h e

p ro p e rt ie s :

i f - -1  maybe open ing  p a r e n t h e s i s ( i ) ,  t h e n
-
1  m a t c h i n g ( i ,  
k )

f o r  a l l  k  >  i ;

i f  1  maybe c l o s i n g  p a re n t h e s is  ( i )  , t h e n - 1  ma tch in g (k ,
f o r  a l l  k  <

Two a d ja ce n t  p a re n th e se s,  w i t h  i n d i c e s  p  and  p +1 ,  s a y ,  ma y b e  o mi t t e d  f ro m

the s k e le t o n  w i t h o u t  change t o  t h e  e r r o r  v a lu e ,  i f

ma tch in g (p ,  p + 1 ) ,

-
I  
m
a
y
b
e 
c
l
o
s
i
n
g 
p
a
r
e
n
t
h
e
s
i
s
(
p
)  
a
n
d

maybe open ing  p a re n t h e s is (p + 1 ).
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Th is ca n  be  p ro ve d  a s  f o l l o w s :

Take a n y  re p a ra t i o n  o f  t h e  ske le t o n .  F i r s t ,  we  show t h a t  t h e re  i s  a n o t h e r

re p a ra t io n ,  wh i c h  i s  a t  l e a s t  a s  good ,  i n  wh ich  n e i t h e r  p  n o r  p+1 i s  ma rked .

Fo r,  suppose  t h a t  b o t h  a re  marked .  O b v io u s ly ,  u n ma rk in g  b o t h  g iv e s  a

b e t t e r  re p a ra t io n .

I f ,  o n  t h e  o t h e r  hand ,  o n l y  one i s  ma rke d ,  s a y  k ,  t h e  o t h e r  one mu st  ma tch ,

i n  some p a rse  o f  t h e  c o r r e c t  s k e le t o n  o b ta in e d  b y  d e le t i n g  a l l  marked

paren theses, a  t h i r d  one .  L e t  t h e se  ma tch in g  pa ren theses b e  i  and  j .

From t h e  p ro p e r t i e s  o f  t h e  p re d ica t e s  g i v e n  above ,  i t  f o l l o w s  t h a t

< k  <  j ,  B u t  t h i s  s i t u a t i o n  co rre sp o n d s e x a c t l y  t o  t h a t  t re a t e d  i n  t h e

p re vio u s s e c t i o n  (se e  fi g u r e s  3 a  and 3 b ) ,  a n d  t h e  re p a ra t i o n  o b ta in e d  b y
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t ra n s f e r r i n g  t h e  ma rk f ro m k  t o  i  o r  j - -w h i c h e v e r  i s  a p p r o p r i a t e - i s  j u s t

as good .

Now, t h e r e  i s  a n  o b vio u s one-one  co rrespondence  be tween re p a ra t io n s  i n

wh ich  n e i t h e r  p  n o r  p+1 i s  marked ,  a n d  re p a ra t io n s  o f  t h e  s k e le t o n  o b ta in e d

by o m i t t i n g  p  and  p +1 ,  a n d  t h i s  co rrespondence  p re se rve s  t h e  number o f

marked p a re n th e se s.  Fro m t h i s ,  t h e  c l a i m  f o l l o w s  imme d ia t e ly .

A f t e r  o m i t t i n g  pa ren theses p  and  p +1 ,  t w o  p a re n th e se s wh ich  we re  n o t

ye t  a d ja ce n t  may become s o ,  a n d  may p o s s i b l y  b e  o mi t t e d  t o g e t h e r  a l s o .

By re p e a t in g  t h i s  p ro ce ss ,  we  o b t a in  a n  " e x t r a c t "  o f  t h e  s k e le t o n  o n  wh ich

the r e p a i r i n g  a l g o r i t h m has t o  b e  p e rfo rme d .  T h i s  e x t r a c t  ca n  be  d e te rmin e d

by a  s imp le  s t a c k  a lg o r i t h m:

s ta ck  s : =  e mp ty;
f o r  i  t o  n

do i f  ( s  =  emp ty 1 f a l s e  1
ma t ch in g (t o p (s ),  i )  A

—I maybe c l o s i n g  p a re n t h e s i s ( t o p (s ) )

-
i
m
a
y
b
e  
o
p
e
n
i
n
g  
p
a
r
e
n
t
h
e
s
i
s
(
i
)
)

then p o p (s )

e lse  p u sh (s ,  i )

od.

fi

At t h e  end ,  t h e  s t a c k  co n t a in s  t h e  e x t r a c t .  F o r  t h o se  w is h in g  t o  g i v e  a

co rre ctn e ss p ro o f :  t h e  e s s e n t i a l  i n v a r i a n t  i s

e r ro r  va lu e  (s k e le t o n [ 0  :  n ] )  =

e r ro r  v a lu e  ( s t a c k  +  s k e l e t o n [ i  :  n ] ) .

The imp o rta n ce  o f  t h e  o p t i m i z a t i o n  o f  o n l y  s u b je c t i n g  t h e  e x t r a c t  t o  t h e

re p a i r in g  a l g o r i t h m becomes o b v io u s  i f  t h e  c la s s e s  o f  "maybe o p e n in g "

and "maybe c l o s i n g "  pa ren theses a re  d i s j o i n t .  I n  t h a t  ca se ,  a  c o r r e c t

ske le to n  has a n  empty e x t r a c t ,  s o  t h a t  t h e  wh o le  r e p a i r i n g  p ro ce ss t a k e s
l i n e a r  t i me .

A fi n a l  o p t i m i z a t i o n  i s  f o u n d  b y  o b se rv in g  t h a t



may b e  w r i t t e n

A d d i t io n  o f  p a re n t h e s i s ( i )

i f  maybe c l o s i n g  p a re n t h e s i s ( i )

then A d d i t i o n  o f  p a re n t h e s i s ( i )

e lse  A d d i t i o n  o f  p a re n t h e s i s ( i )
fi

where, i n  t h e  e l s e  p a r t ,  t h e  p ie ce  o f  p ro g ra m a s deve loped  i n  s e c t i o n  6

may b e  g r e a t l y  s i m p l i fi e d ,  r e s u l t i n g  i n  a n  o v e r a l l  imp rovemen t  i n  speed o f
about a  f a c t o r  o f  2 .  F o r ,  i n  t h a t  ca se ,  ma t c h i n g ( j ,  i )  ca n n o t  h o ld ,  s o

the a s s ig n a t io n  t o  RE j -1 ,  i i  ca n  be  s i m p l i fi e d  t o  R [ j - 1 ,  i ] : =  oo.

Since t h e n  t h e  va lu e s  o f  T  a re  no  l o n g e r  u se d ,  t h e  a ss ig n a t io n s  t o  e le me n ts

o f  T  ca n  be  o mi t t e d .  F a c t o r i n g  o u t  t h e  common s t a r t  o f  t h e  t h e n -  and  t h e

e ls e -p a r t ,  a n d  p e rf o rmin g  a n  o b vio u s a b b re v ia t i o n ,  we  now have o b t a in e d

( w r i t i n g  a g a in  g o -o n -symb o ls ):

: i ,  i ] : =  ( 1 ,  0 ) ;

i f  maybe c l o s i n g  p a re n t h e s i s ( i )
then V  k  e  [ 1  :  i - 2 ] :  T [ k ] : =  T [ 1 - 1 ] : =

f o r  j  f r o m  i - 1  b y  -1  t o  1-  -
do R [ j - I ,  i ] : =  (ma t c h i n g ( j ,  i )  I  I  I  ' ) ,

V k  [ 1  :  j - 1 ] :  T [ k ] : =  T [ k ]  +  RE k
,  j i  x  T [ j ]od

e lse  V  k  E [ 0  :  i - 2 ] :  11[1t, i ] : =  co
fi .

BIBLIOTHEEK AATHE7/1AT:S C 7 : ' , T R
1

21

Under t h e  re p re s e n t a t io n  d iscu sse d  i n  s e c t i o n  8 ,  t h e  above  e l s e - p a r t  e n t a i l s
no a c t i o n  a t  a l l .

10. APPLICATION TO ALGOL 68_

The p a re n th e s ize d  c o n s t ru c t s  o f  ALGOL 6 8  a re :
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beg in  . .  e n d  i f  t h e n  . . .  l e a f  . . .  t h e n  { e l s e  — . }  fi

( )  c a s e  . . .  i n  „ .  {o u s e  i n *  t o u t  — . 1  e sa c

E ]  (  I  { I :  I  - . - }  { I  - . . }  )
$ $  { f o r  — . }  { f r o m  — . }  { b y  — . }  { t o  . . . }  { w h i l e  . . . }  d o

Here, f . . . 1  means a n  o p t io n a l  p a r t ,  a n d  { . . . }  me a n s  a n  a r b i t r a r y  number o f

re p e t i t i o n s .

A fi r s t  c o mp l i c a t i o n  l i e s  i n  t h e  d o u b le  n a t u re ,  c l o s i n g  and  o p e n in g ,

o f  su ch  pa ren theses a s  t h e n .  I t  i s  e a s i l y  overcome b y  c o n s id e r in g  t h e se

as a  p a i r  o f  d i f f e r e n t  p a re n th e se s,  o n e  c l o s i n g  f o l l o we d  b y  one  o p e n in g .

Another p ro b le m stems f ro m t h e  u se  o f  one  symb o l 1  w i t h  t wo  mean ings,

l
i
n 
a
n
d 
l
o
u
t
.  
A
n 
e
a
s
y 
w
a
y 
o
u
t  
i
s 
t
o 
c
o
n
s
i
d
e
r  
i
n
c
o
r
r
e
c
t  
c
o
n
s
t
r
u
c
t
i
o
n
s 
l
i
k
e

( 1  . . .  1  1  )  c o r r e c t  i n  t e rms o f  t h e  p a re n t h e s is  s t r u c t u r e ,
and t o  postpone  d e t e c t i o n  o f  t h i s  e r r o r  t o  t h e  a c t u a l  p a rs in g  phase .  A

more s o p h is t i c a t e d  s o l u t i o n  i s  t o  a d a p t  t h e  d e fi n i t i o n  o f  Q and t h e  compu-

t a t i o n  o f  t h e  e le me n ts o f  T  i n  su ch  a  way t h a t  t h e  co rre sp o n d in g  i n c o r r e c t

path w i l l  n o t  b e  co n s t ru c t e d .

The f a c t  t h a t  o c c u r s  b o t h  a s  o p e n in g  and  a s  c l o s i n g  p a re n t h e s is

p resen ts n o  p ro b le m,  s i n c e  t h e  r e p a i r i n g  a l g o r i t h m i s  p e r f e c t l y  a b le  t o

dea l w i t h  su ch  ca se s.  I t  o n l y  means t h a t  t wo  $ ' s  d o  n o t  s i m p l y  ca n ce l  e a ch

o th e r i n  d e t e rmin in g  t h e  e x t r a c t  ( s e c t i o n  9 ) .  Ho we ve r,  i n  a lmo s t  a l l  ca se s

i t  ca n  b e  d e te rmin e d  f ro m t h e  imme d ia te  c o n t e x t  i f  a  g i v e n  $  i s  a n  open ing

o r a  c l o s i n g  p a re n t h e s is .

The fi n a l  c o mp l i c a t i o n  i s  b e s t  e xp la in e d  b y  a n  examp le :

a) w h i l e  +  l o c  v  do  s  o d ;  +  l o g  H  do s  o d ;
b) w h i l e  +  l o g  v  d o  s  o d ;  +  l o c  w do  s  o d .

I n  l i n e  a ,  +  l o c  v  i s  a n  e n q u i ry -c la u se ,  wh e re a s w  i s  a  v o id -mo d e - in d ic a t io n—
and l o g  a n  o p e ra t o r w i t h  a  c a s t  a s  o p e ra n d ,  s o  t h e  p a re n t h e s is  s t r u c t u r e  i s

t h a t  suggested  b y  ( w h i l e  do  o d ) ( d o  o d ) .  I n  l i n e  b ,  v  i s  t h e  vo id -mo d e -

in d i c a t i o n ,  a n d  t h e  p a re n t h e s is  s t r u c t u r e  co rre sp o n d s t o  ( w h i l e  (d o  o d )

do o d ) .  S o  t h e  q u e s t io n  ma t c h in g ( i ,  j )  f o r  t h e se  p a re n th e se s depends o n
the  co n t e x t  o f  p a re n t h e s is  j .  F o r t u n a t e l y ,  t h e  d e c i s io n  ca n  be  t a ke n  o n  t h e

b a sis  o f
,  
t h e  
t w
o  
t o
k e
n s  
p r
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e d
i n
g  
t
h
e  
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e
n
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:  
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,



where Tr i s  f ro m,  b y ,  t o ,  w h i l e  o r  d o ,  7r i s  a n  open ing  p a re n t h e s is  o n l y ,

i f  and  o n l y  i f  p  i s  one  o f  t h e  t o ke n s

9 b e g i n  i f  t h e n  e l i f  e l s e
case i n  o u s e  o u t  w h i l e  d o

o r i f  I I  i s  a  b o ld -TAG-to ke n  o r  v o id - t o k e n  and A  i s  n o t  o n e  o f  t h e  t o ke n s

lo c  h e a p  r e f  )  ]  p r o c  fl e x .

23

I n  [ 2 ] ,  t h e  t e rm " p a re n t h e s is "  was used  f o r  a  w id e r  c l a s s  o f  symb o ls ,

wh ich  a l s o  co mp rise d  " ,  # ,  c o ,  comment, p r  and  p ra g ma t .  Th e  a l g o r i t h m

presen ted  h e re  assumes t h a t  t h e  s k e le t o n  o f  t h e se  " s t a t e  w i t c h e r s "  h a s

a lre a d y been re p a i re d .  A n  e f fi c i e n t  a l g o r i t h m  i s  g iv e n  i n  [ 3 ] .

I t  i s  p o s s ib le  t o  a d a p t  t h e  p re se n t  a l g o r i t h m i n  su ch  a  way t h a t  i t  ca n

dea l w i t h  t h i s  w i d e r  c l a s s  o f  p a re n th e se s,  b u t  t h i s  wo u ld  r e s u l t  i n  a  g re a t

lo ss o f  e f fi c i e n c y  s i n c e  t h e n ,  i n  g e n e ra l ,  t h e  e x t ra c t s  f r o m  s e c t i o n  9  b e -

come much lo n g e r .

11. SPEED OF THE PROCESS

From t h e  a l g o r i t h m i t  sh o u ld  b e  o b v io u s t h a t  t h e  t i me  t a ke n  b y  t h e

process h a s a n  u p p e r bound o f  t h e  f o rm 0 (n 3 ).  We have  n o t  been  a b le  t o

d e rive  sh a rp e r bounds. Ho we ve r,  we  have  d e te rmin e d  a n  e mp i r i c a l  f o rmu la

a p p ro xima t in g  t h e  t ime s  needed f o r  some a c t u a l  ske le t o n s  b y  a n  i m p l e -

me n ta t io n  o f  t h e  a l g o r i t h m w r i t t e n  i n  ALEPH and  ru n  o n  a  CYBER 7 3 .  Th e se
ske le to n s we re  o b t a in e d  b y  g e n e ra t in g ,  w i t h  a  random p ro ce ss,  c o r r e c t

ske le to n s and  d e l e t i n g  i t s  p a re n th e se s w i t h  a  p r o b a b i l i t y  c .  I n  t o t a l ,

184 ske le t o n s  we re  g e n e ra te d ,  w i t h  n  v a ry in g  f ro m 200 t o  2000 and  c  f r o m

0 t o  . 1 ,  a n d  a  f o rmu la  o f  t h e  f o rm t  =  c
l
e
P
n
q  +  c  n  
w a s  fi t t e d  
t o  
t h e

re s u l t s .  A  good fi t  wa s  o b t a in e d  b y

.82 2 . 5t  =  . 0 0 1 3  n  +  . 6 5  n  msec.

A t y p ic 4 1  o b se rve d  t i me ,  f o r  n  =  1000 and  c  =  . 0 1 ,  i s  t  =  1449 msec.
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