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ABSTRACT

By a n  u n p u b l i s h e d  r e s u l t  o f  S c o t t ,  t h e  i n d u c t i v e  c h a r a c t e r i z a t i o n  o f  t h e

w h i l e  s t a t e me n t  ( d u e  t o  Ho a r e )  i s  e q u i v a l e n t  t o  i t s  m i n i m a l  fi x e d  p o i n t

c h a r a c t e r i z a t i o n .  I n  o r d e r  t o  o b t a i n  a  g e n e r a l i z a t i o n  o f  t h i s  r e s u l t  f o r

r e c u r s i v e  p r o c e d u r e s ,  a  r e fi n e me n t  o f  F l o y d ' s  t e c h n i q u e  o f  i n d u c t i v e  a s s e r -

t i o n s  i s  p r o p o s e d .  T h e  n e w t e c h n i q u e  f e a t u r e s  t h e  u s e  o f  a s s e r t i o n s  d e p e n d -

i n g  u p o n  t h e  h i s t o r y  o f  t h e  c o mp u t a t i o n .  T e c h n i c a l l y ,  t h i s  i s  a c h i e v e d  b y

i n d e x i n g  t h e  a s s e r t i o n s  w i t h  e x p r e s s i o n s  r e p r e s e n t i n g  t h e  s t a c k  o f  c u r r e n t l y

a c t i v e  p r o c e d u r e s .

The i n v e s t i g a t i o n  i s  s e t  i n  t h e  f r a me wo r k  o f  p r o g r a m s c h e ma t o l o g y .  P r o o f s

abou t  s i m p l e  -  i . e . ,  o n e - v a r i a b l e  o n l y  -  s c hemes  a r e  g i v e n  b y  means  o f

S c o t t ' s  i n d u c t i o n  r u l e  wh i c h  i s  s t a t e d  a n d  p r o v e d  s omewhat  mo r e  a b s t r a c t l y

and r i g o r o u s l y  t h a n  b e f o r e .  T h e  ma i n  t o o l  i s  t h e  r e g u l a r i z a t i o n  t h e o r e m

s t a t i n g ,  r o u g h l y ,  t h a t  f o r  e a c h  " c o n t e x t  f r e e "  p r o g r a m s c heme a n  e q u i v a l e n t

( i n fi n i t e )  " r e g u l a r "  s c heme c a n  b e  c o n s t r u c t e d .  T h e  i n d u c t i v e  a s s e r t i o n

t heorem t h e n  p r o v i d e s  t h e  a b o v e  me n t i o n e d  g e n e r a l i z a t i o n .
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INTRODUCTION

Our p a p e r  r e p o r t s  a n  i n v e s t i g a t i o n  o f  t h e  f o u n d a t i o n s  o f  s i m p l e  r e c u r s i v e

p r o g r a m s c hemes  a n d  t h e i r  a s s o c i a t e d  i n d u c t i v e  a s s e r t i o n s .

S i mp l e  r e c u r s i v e  p r o g r a m s c hemes  we r e  fi r s t  i n t r o d u c e d  i n  S c o t t  a n d

De B a k k e r  [ 1 6 ] .  I n  t h a t  p a p e r ,  t h e  n o t i o n  o f  m i n i m a l  fi x e d  p o i n t  s t r u c t u r e

o f  r e c u r s i v e  p r o c e d u r e s  -  u s e d  s y n o n y mo u s l y ,  t h e r e  a n d  h e r e ,  f o r  s i m p l e

r e c u r s i v e  p r o g r a m s c hemes -  was  d e v e l o p e d ,  a n d  a  p o w e r f u l  r u l e  o f  p r o o f ,

S c o t t ' s  fi x e d  p o i n t  i n d u c t i o n  r u l e ,  wa s  d e r i v e d  f r o m i t .  T h e  v a r i e t y  a n d

m u l t i t u d e  o f  a p p l i c a t i o n s  o f  t h i s  r u l e  h a v e  s h o wn  i t  t o  b e  a  wo r t h y  s u c c e s s o r

t o  Mc Ca r t h y ' s  c l a s s i c a l  r u l e  o f  r e c u r s i o n  i n d u c t i o n  [ 1 2 ] .

P r o o f s  b a s e d  o n  t h e  m i n i m a l  fi x e d  p o i n t  c h a r a c t e r i z a t i o n  we r e  p r o p o s e d  i n -

d e p e n d e n t l y  b y  B e k i c  [ 4 ] ,  M o r r i s  [ 1 3 ]  a n d  P a r k  [ 1 5 ] .  I n  s u b s e q u e n t  wo r k

De B a k k e r  [ 1 , 2 ] ,  De  B a k k e r  a n d  De  Ro e v e r  [ 3 ] ,  H i t c h c o c k  a n d  P a r k  [ 6 ] ,  Ma n n a

and Ca d i o u  E 8 1 ,  Ma n n a ,  Ne s s  a n d  V u i l l e m i n  [ 9 ] ,  Ma n n a  a n d  V u i l l e m i n  [ 1 1 ] ,

M i l n e r  [ 1 4 ]  a n d  o t h e r s  h a v e  b e e n  c o n c e r n e d  w i t h  t h e  d e v e l o p me n t  o f  f o r m a l

s y s t ems  i n  wh i c h  S c o t t ' s  r u l e  c a n  b e  embedded ,  w i t h  t h e  c o mp l e t e n e s s  o f  s u c h

s y s t ems ,  w i t h  a p p l i c a t i o n  t o  c o r r e c t n e s s  a n d  t e r m i n a t i o n  p r o o f s  a b o u t  p r o -

g rams ,  w i t h  t h e  r e l a t i o n s h i p  b e t we e n  t h e  fi x e d  p o i n t  c h a r a c t e r i z a t i o n  a n d

v a r i o u s  r u l e s  o f  c o mp u t a t i o n ,  w i t h  t h e  i m p l e m e n t a t i o n  o f  t h e  r u l e  i n  a n  i n -

t e r a c t i v e  p r o g r a m p r o v i n g  s y s t e m,  a n d  w i t h  o t h e r  a p p l i c a t i o n s .

Our s t u d y  o f  s i m p l e  r e c u r s i v e  p r o g r a m s c hemes  i n  r e l a t i o n  t o  i n d u c t i v e  a s s e r -

t i o n s  a r o s e  o u t  o f  a  p r o b l e m i n s p i r e d  b y  wo r k  o f  Ho a r e  [ 7 ] .  I n c i d e n t a l l y ,

so d i d  t h e  o r i g i n a l  p a p e r  b y  S c o t t  a n d  De B a k k e r .  * )  Th e  p r o b l e m i s  e x -

p l a i n e d  i n  s e c t i o n  2 .  Ro u g h l y ,  we  bec ame i n t e r e s t e d  i n  t h e  r e l a t i o n s h i p
be t ween  t h e  i n d u c t i v e  c h a r a c t e r i z a t i o n  o f  t h e  w h i l e  s t a t e me n t  a n d  i t s  m i n i -

ma l  fi x e d  p o i n t  c h a r a c t e r i z a t i o n .  T h e  e q u i v a l e n c e  o f  t h e s e  t wo  c h a r a c t e r -

i z a t i o n s  was  s h o wn  b y  S c o t t  ( u n p u b l i s h e d ) .  T h e  q u e s t i o n  t h e n  a r o s e  h o w t o

g e n e r a l i z e  t h i s  r e s u l t  f o r  r e c u r s i v e  p r o c e d u r e s .  T h e  a n s we r  t o  t h i s  q u e s -

t i o n  i s  t h e  m a i n  a c h i e v e me n t  o f  t h e  p r e s e n t  p a p e r ,  b e s i d e  a  number  o f  t e c h -

The r e a d e r  who  t a k e s  t h i s  r e m i n d e r  a s  a  g e n t l e  a d m o n i t i o n  t o  t h e  p r a c -
t i c a l  p r o g r a m c o r r e c t n e s s  p r o v e r s ,  t h e  a d v o c a t e s  o f  s t r u c t u r e d  p r o g r a m-
mi n g ,  t h e i r  c ompany  a n d  f o l l o w e r s ,  t h a t  t h e r e  i s  mo r e  t o  H o a r e ' s  a x i o m
s y s t em t h a n  mee t s  t h e  e y e ,  i s  r i g h t .
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n i q u e s  u s e d  i n  t h e  p r o o f  wh i c h  may  hav e  s ome i n d e p e n d e n t  i n t e r e s t .  I n  p a r -

t i c u l a r ,  we  d e v e l o p  a  s t r a t e g y  f o r  p r o v i n g  p r o p e r t i e s  o f  p r o g r a ms  b y  means

of  induc t iv e as s er t ions  depending upon the h is to r y  o f  the computation.
I n  t h e  c o u r s e  o f  o u r  i n v e s t i g a t i o n s  we  we r e  l e d  t o  a  n e w d e v e l o p me n t  o f  p a r t

o f  t h e  m a t e r i a l  c o n t a i n e d  i n  t h e  p a p e r s  S c o t t  a n d  De  B a k k e r  [ 1 6 ] ,  a n d

De B a k k e r  a n d  De Ro e V e r  [ 3 ] .  T h e  n o v e l t y  c o n s i s t s  M a i n l y  i n  a  mo r e  a b s t r a c t

and g e n e r a l  v e r s i o n  o f  t h e  p r e v i o u s  e x p o s i t i o n s .  I n  p a r t i c u l a r ,  we  s t a t e

o u r  r e s u l t s  t h r o u g h o u t  f o r  i n fi n i t e  s y s t e ms  o f  d e c l a r a t i o n s  ( t h i s  w i l l  b e

needed i n  s e c t i o n  4 ) ,  o u r  s t a t e me n t  o f  t h e  u n i o n  t h e o r e m,  y i e l d i n g  t h e  c o n -

s t r u c t i o n  o f  t h e  m i n i m a l  fi x e d  p o i n t  b y  means  o f  s u c c e s s i v e  a p p r o x i ma t i o n s ,

has  a  more  g e n e r a l  f o r m  t h a n  b e f o r e ,  a n d  t h e  i n d u c t i o n  t h e o r e m,  j u s t i f y i n g

S c o t t ' s  i n d u c t i o n  r u l e ,  i s  p r o v e d  w i t h o u t  a n  e x p l i c i t  a p p e a l  t o  c o n t i n u i t y .

The ma i n  n e w r e s u l t s  f o l l o w  i n  s e c t i o n  4 .  T h e r e  we  p r o v e  t h e  e q u i v a l e n c e

be t ween  t h e  i n d u c t i v e  a s s e r t i o n  -  a n d  t h e  m i n i m a l  fi x e d  p o i n t  c h a r a c t e r i z a -

t i o n s  o f  s y t ems  o f  r e c u r s i v e  p r o c e d u r e s .  T h e  c e n t r a l  t o o l  i s  a  c e r t a i n  i n -

d e x i n g  t e c h n i q u e  u s e d  fi r s t  i n  t h e  p r o o f  o f  t h e  s o - c a l l e d  r e g u l a r i z a t i o n

t h e o r e m wh i c h  s t a t e s  t h a t  f o r  e a c h  r e c u r s i v e  p r o g r a m s c heme a n  e q u i v a l e n t

( b u t  a l wa y s  i n fi n i t e )  s c h e me  c a n  b e  c c
-
i n s t r u c t e d  w h i c h  
i s  
r e g u l a r  
i n  
s t r u c -

t u r e  ( i n  t h e  s e n s e  t h a t  t h e  g rammar  wh i c h  i s  a s s o c i a t e d  w i t h  t h e  s c heme i n

a r a t h e r  n a t u r a l  wa y  i s  r e g u l a r ) .  H a l f  o f  t h e  i n d u c t i v e  a s s e r t i o n  t h e o r e m

may b e  v i e we d  a s  a  j u s t i fi c a t i o n  o f  a  g e n e r a l i z a t i o n , o f  F l o y d ' s  t e c h n i q u e

[ 5 ]  o f  p r o v i n g  g l o b a l  p r o p e r t i e s  o f  a  p r o g r a m f r o m  a  c o l l e c t i o n  o f  l o c a l

p r o p e r t i e s .  T h i s  g e n e r a l i z a t i o n  i s  t w o f o l d .  F i r s t l y ,  a s  m i n o r  p o i n t ,  we

hav e t h a t  t h e  t e c h n i q u e  a p p l i e s  t o  s y s t ems  O f  r e c u r s i v e  p r o c e d u r e s  a n d  n o t

t o  fl o w  c h a r t s  ( c f .  t h e  -  d i f f e r e n t  -  g e n e r a l i z a t i o n  o f  Manna a n d  P n u e l i

D O J ) .  S e c o n d l y ,  a n d  more  i m p o r t a n t l y ,  we  c o n s t r u c t  a  s y s t e m o f  i n d u c t i v e

a s s e r t i o n s  c o n s i s t i n g ,  i n  a  s e n s e ,  o f  t h e  m i n i m a l  s e t  o f  a s s u mp t i o n s  a b o u t

l o c a l  p r O p e r t i e s  n e e d e d  t o  p r o v e  t h e  g l o b a l  a s s e r t i o n s .  T h e  m i n i m a l i t y  i s

o b t a i n e d  b y  i n t r o d u c i n g  a s s e r t i o n s  w h i c h  d e p e n d  u p o n  t h e  s t a g e  o f  t h e  c o m-

p u t a t i o n :  L e t  A  b e  a n  e l e me n t a r y  c omponen t  o f  t h e  p r o g r a m.  U s u a l l y  o n e  r e -

q u i r e s  t h a t ,  f o r  s ome p r e - ( p o s t ) c o n d i t i o n  p ( q ) ,  i f  A  i s  e n t e r e d  w i t h  i n p u t

x  f o r  wh i c h  p ( x )  i s  t r u e ,  q ( y )  i s  t r u e  f o r  o u t p u t  y  f r o m  A .  I n  o u r  s y s t e m,

howev er ,  we  u s e  a n  i n d e x e d  s e t  p a , q a '  a  r e fl e c t i n g  t h e  s t a c k  o f  c u r r e n t l y
a c t i v e  p r o c e d u r e s ,  a n d  r e q u i r e  t h a t ,  f o r  e a c h  r e l e v a n t  a ,  p  ,  q  a n d  Aa a
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s a t i s f y  t h e  r e l a t i o n s h i p  d e s c r i b e d  f o r  p ,  q  a n d  A  a b o v e .  We fi r s t  p r o v e  f o r

t h i s  h i g h l y  s t r u c t u r e d  c o l l e c t i o n  o f  i n d u c t i v e  a s s e r t i o n s  t h a t  F l o y d ' s

t h e o r e m h o l d s .  B u t ,  mo r e o v e r ,  we  c a n  n o w a l s o  p r o v e  t h e  c o n v e r s e ,  i . e . ,

t h a t  e a c h  s y s t e m o f  r e l a t i o n s  s a t i s f y i n g  t h e  c o l l e c t i o n  n e c e s s a r i l y  c o i n -

c i d e s  w i t h  t h e  r e c u r s i v e  p r o c e d u r e s  a s  d e c l a r e d  b y  t h e  s c heme.  Th u s  we  o b -

t a i n  t h e  g e n e r a l i z a t i o n  o f  t h e  r e s u l t  f o r  w h i l e  s t a t e me n t s  we  s e t  o u t  t o

p r o v e .

As r e ma r k e d  a b o v e ,  t h e  p r o o f s  i n  s e c t i o n  4  r e l y  h e a v i l y  o n  a  c e r t a i n  s t r a t -

egy  o f  i n d e x i n g  p r o c e d u r e s  i n  v a r i o u s  a u x i l i a r y  s y s t ems  i n  s u c h  a  way  t h a t
t h e  h i s t o r y  o f  t h e  c o mp u t a t i o n  l e a v e s  i t s  t r a c e  i n  t h e  i n d e x ;  a l s o ,  we

i n t r o d u c e  s egmen t s  o f  i n i t i a l  c o mp u t a t i o n ,  p r e c e d i n g  a n  i n n e r  c a l l  o f  a

p r o c e d u r e  a t  a  g i v e n  l e v e l  o f  r e c u r s i o n  d e p t h .  T h e  r e l a t i o n s h i p  b e t we e n
t h i s  n o t i o n  a n d  t h e  n o t i o n  o f  d e r i v a t i v e  i n t r o d u c e d  b y  H i t c h c o c k  a n d  P a r k

[ 6 ]  i s  s e t t l e d  ( w i t h o u t  p r o o f )  i n  t h e  A p p e n d i x .

Fo r  t h e  r e a d e r  wh o  i s  n o t  h a p p y  w i t h  o u r  r e s t r i c t i o n  t o  s i m p l e  s c hemes  o n l y ,

we a n n o u n c e  wo r k  i n  p r o g r e s s  b y  W. F.  d e  Ro e v e r  i n  w h i c h ,  among  o t h e r  r e -

s u l t s ,  s e c t i o n  3  o f  t h e  p r e s e n t  p a p e r  i s  g e n e r a l i z e d  t o  p o l y a d i c  r e l a t i o n s .

Our p a p e r  i s  r a t h e r  a b s t r a c t  a n d  ma t h e ma t i c a l  i n  n a t u r e .  A n o t h e r  u n h a p p y

r e a d e r ,  wh o  wa n t s  t o  s e e  wh a t  c a n  b e  d o n e  w i t h  t h e s e  t e c h n i q u e s  i n  p r a c t i c a l

p r og r ammi ng  s i t u a t i o n s ,  i s  r e f e r r e d  t o  t h e  l i t e r a t u r e  me n t i o n e d  a b o v e ,  e . g .

De B a k k e r  [ 1 ] ,  De  B a k k e r  a n d  De  Ro e v e r  [ 3 ] ,  Ma n n a  a n d  V u i l l e m i n  [ 1 1 ] ,  o r

M i l n e r  [ 1 4 ] .

We a c k n o wl e d g e  many  h e l p f u l  d i s c u s s i o n s  w i t h  P .  v a n  Emde B o a s .  I n  p a r t i c -

u l a r ,  we  a r e  i n d e b t e d  t o  h i m  f o r  l e mma  3 . 5 .
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L e t  P  b e  a  p r o g r a m.  T h e  c o mp u t a t i o n  p r e s c r i b e d  b y  P  maps  i n p u t  x  t o  o u t p u t

y ,  w i t h  x ,  y  e l e me n t s  o f  s ome d o ma i n  V  o f  s t a t e  v e c t o r s ,  i n f o r m a t i o n  s t r u c -

t u r e s ,  i n t e r n a l  o b j e c t s ,  o r  wh a t e v e r  o n e  c h o o s e s  t o  c a l l  t h e m.  A r t i c u l a t i n g

t h e  s t r u c t u r e  o f  t h e  o b j e c t s  i n  V  i s  n o t  o f  o u r  c o n c e r n  h e r e  a t  a l l ;  t h a t  o f

P i s  a n a l y s e d  o n l y  i n  a  h i g h l y  g l o b a l  ma n n e r ,  a b s t r a c t i n g  f r o m  mos t  o f  t h e

p r o p e r t i e s  o f  i t s  c o n s t i t u e n t  c omponen t s .  I n  f a c t ,  we  s t u d y  o n l y  t h e  e s s e n -

t i a l  fl o w  o f  c o n t r o l  s t r u c t u r e  o f  P ,  a n d  i n v e s t i g a t e  i t  f r o m  a  ma t h e ma t i c a l

as  o p p o s e d  t o  a n  o p e r a t i o n a l  o r  i m p l e m e n t a t i o n - o r i e n t e d  p o i n t  o f  v i e w .

The ma p p i n g  P  i s  a  p a r t i a l l y  d e fi n e d  ( p r o g r a ms  may  b e  n o n t e r m i n a t i n g )

f u n c t i o n  f r o m  V  t o  V ,  o r ,  r a t h e r ,  t a k i n g  n o n - d e t e r m i n i s t i c  p r o g r a ms  i n t o

ac c oun t ,  a  b i n a r y  r e l a t i o n  o v e r  V .  We w r i t e  ( x , y )  P ,  o r ,  mo r e  o f t e n ,

xPy .  Th u s ,  x P y
l
,  x P y
2  
a n d  
y
1 y
2  
m a
y  
c o e
x i s
t .

Many  c o r r e c t n e s s  a s s e r t i o n s  o n  p r o g r a ms  c a n  b e  f o r m u l a t e d  a s :  I f  x  s a t i s -

fi e s  p r o p e r t y  p ,  t h a n  y  s a t i s fi e s  p r o p e r t y  q ,  i . e . ,  V x , y [ p ( x )  A  x P y  4  c i ( y ) ] .

Conc ept s  o f  t h e  p r o g r a mmi n g  l a n g u a g e  u s e d  f o r  t h e  w r i t i n g  o f  P  c a n  b e
c h a r a c t e r i z e d  s e m a n t i c a l l y  b y  c o r r e c t h e s s  a s s e r t i o n s .  A s  a n  e x a mp l e ,  we

c o n s i d e r  t h e  w h i l e  s t a t e me n t  w h i l e  p  d o  A ,  w i t h  p  a  b o o l e a n  e x p r e s s i o n ,  A

a p r o g r a m.  A s  s h o r t - h a n d  we u s e  p * A .  H o a r e  L I ]  h a s  p r o p o s e d  wh a t  amoun t s

t o  t h e  f o l l o w i n g  c h a r a c t e r i z i n g  p r o p e r t i e s :

( 2 , 1 )  V u [ V x , y [ u ( x )  A  p ( x )  A  x A y  u ( y ) ]  -4-

V x , y r i u ( x )  A  x  p * A  y  ±  u ( y ) ] ]

( 2 . 2 )  V x , y [ x  p * A  y  - - 7
p ( y ) ]

I n  wo r d s ,  ( 2 . 1 )  e x p r e s s e s  a n  i n d u c t i o n  p r o p e r t y :  I f  p e r f o r m i n g  A  onc e  ( f o r

i n p u t  w i t h  p  t r u e )  d o e s  n o t  c h a n g e  p r o p e r t y  u ,  t h e n  p e r f o r m i n g  i t  z e r o  o r

more t i m e s  ( b y  p * A )  d o e s  n o t  c h a n g e  i t  e i t h e r .  O b s e r v e  t h a t  ( 2 . 1 )  i s  a

1) T h e  c o n s i d e r a t i o n s  o f  t h i s  s e c t i o n  a r e  m o s t l y  i n f o r m a l  i n  n a t u r e .  I n
a mo r e  p r e c i s e  f o r m  t h e y  r e t u r n  i n  t h e  s e q u e l  o f  t h e  p a p e r .



f o r mu l a  i n  s e c o n d  o r d e r  p r e d i c a t e  l o g i c .  ( 2 . 2 )  i s  c l e a r l y  v a l i d ,  s i n c e  t h e

v e r y  t e r m i n a t i o n  o f  t h e  w h i l e  s t a t e me n t  i m p l i e s  t h a t  i t s  c o n t r o l l i n g

e x p r e s s i o n  i s  n o  l o n g e r  s a t i s fi e d .

Fo r mu l a e  s u c h  a s  ( 2 . 1 ) ,  ( 2 . 2 )  c a n  b e  w r i t t e n  mo r e  c o n c i s e l y  b y  u s i n g  a

number  o f  a b b r e v i a t i o n s  t o g e t h e r  e s t a b l i s h i n g  a  t r a n s l i t e r a t i o n  f r o m  p r e d i -

c a t e  -  t o  r e l a t i o n a l  c a l c u l u s .  T h e  p r e d i c a t e  P ( x , y )  i s  t r u e  i f f  ( x , y )  i s  a n

e lemen t  o f  t h e  r e l a t i o n  P .  T h u s ,  f o r  Y X , y  L x P
l
y  ÷  x P
2
y ]  w e  w r i t e  
P
i  c  P
2
.

The Me a n i n g  o f
.
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c o mp o s i t i o n .  F o r  t h e  i d e n t i t y  ( e mp t y )  r e l a t i o n  we  w r i t e  E ( 0 ) ,  i . e . ,  x E y  i f f

x =y ,  a n d  x Qy  f o r  n o  x , y e  V.  Mo r e o v e r ,  w i t h  e a c h  u n a r y  p r e d i c a t e  p  ( p o s s i b l y

p a r t i a l )  we  a s s o c i a t e  t w o  s u b s e t s  o f  E , v i z . p a n d  f ,  s u c h  t h a t p u T c  E ,

p  n  17)
. c  
0 ,  
w
i t
h  
t
h
e  
f
o
l
l
o
w
i
n
g  
i
n
t
e
n
d
e
d  
c
o
r
r
e
s
p
o
n
d
e
n
c
e
:  
p
(
x
)  
h
o
l
d
s  
i
f
f

( x , x )  E p ,
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( 2 .
3 )

Vu [ I f  p ; u ; A  A ; u  t h e n  u ; n *

( 2 . 4 )  p * A  c  p * A ; i 3 .

( 2 . 5 )  p * A  =  p ; A ; p * A  u

5

P A; u3

Thes e t w o  f o r m u l a e  a r e  n o t  y e t  t h e  wh o l e  s t o r y  a b o u t  t h e  w h i l e  s t a t e me n t .

C l e a r l y ,  t h e r e  i s  a t  l e a s t  o n e  o t h e r  e s s e n t i a l  f a c t  t o  b e  n o t e d ,  e x p r e s s e d

by

o r ,  i n  p e r h a p s  mo r e  f a m i l i a r  t e r ms ,  p * A  i s  e q u i v a l e n t  w i t h  ( i n  f a c t ,  ma y  b e

s a i d  t o  b e  d e fi n e d  r e c u r s i v e l y  b y )  i f  p  t h e n  b e g i n  A ; p * A  e n d  e l s e  E ,  wh e r e

E i s  n o t h i n g  b u t  t h e  "dummy  s t a t e me n t " .  Ho we v e r ,  ( 2 . 5 )  i s  n o t  t h e  wh o l e

t r u t h  e i t h e r .  T h i s  w i l l  b e  b r o u g h t  o u t  b y  c o n s i d e r a t i o n  o f  t h e  s p e c i a l  c a s e

p* E ,  wh e r e  we  h a v e  t a k e n  f o r  t h e  a s  y e t  u n s p e c i fi e d  p r o g r a m  A ,  t h e  dummy

s t a t emen t  E .  We  k n o w t h a t ,  i f  p  i s  t r u e  o f  t h e  i n p u t ,  t h e n  p * E  l o o p s

i n fi n i t e l y  ( t h e  r e l a t i o n  b e t we e n  i n p u t  a n d  o u t p u t  b e i n g  e mp t y  i n  t h i s  c a s e



-  -
i . e . ,  p * E  =  i f  p  t h e n  R e l s e  E  =  ID;S1 u  p  =  p ,  Howeve r,  t h i s  f a c t  i s  n o t

con ta ined  i n  t h e  co rre sp o n d in g  in s t a n ce  o f  ( 2 . 5 ) .  S p e c i fi c a l l y ,  ( 2 . 5 )  o n l y

expresses t h a t  p *A  i s  a  s o l u t i o n  o f  t h e  f u n c t i o n a l  ( o r ,  r a t h e r ,  r e l a t i o n a l )

equat ion  X  =  p ; A ; X  u  p ,  whereas o u r  example  emphasizes t h a t  we  need i t s
min ima l s o l u t i o n :  We have t o  re q u i re

( 2 . 6 )  v s E i r  p ; A ; S  u  i)" =  S ,  t h e n  p * A  c  S I

One i s  now co n f ro n t e d  w i t h  t h e  q u e s t io n :  Wha t  i s  t h e  r e l a t i o n s h i p  between

(2 . 3 ) ,  ( 2 .
)
- t )  
o n  
t h
e  
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e  
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n d
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d  
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p r o v i d e d  b y  t h e  f o l l o w i n g  t h e o r e m:

THEOREM 2 . 1  ( S c o t t ) .  L e t  R  s a t i s f y :  R  =  p ; A ; R  u  T .  T h e n  t h e  t w o  a s s e r t i o n s

( 2 . 7 a , b )  a r e  e q u i v a l e n t  w i t h  ( 2 . 8 ) :

( 2 . 7 a )  V u l l f  p ; u ; A  c  ; u  t h e n  u ; R  c

( 2 . 7 b )  R  c  R;it")

-
( 2 . 8 )  V S E I f  p ; A ; S  u  p  =  S ,  t h e n  R  c  S i .

I n  wo rd s,  f o r  fi x e d  p o i n t s  R o f  t h e  w h i l e  s ta te me n t  ' c h a ra c t e r i s t i c  e q u a t io n ,

the  i n d u c t i v e  c h a ra c t e r i z a t i o n  ( 2 . 7 )  a n d  t h e  m i n i m a l i t y  c h a ra c t e r i z a t i o n  ( 2 . 8 )

are  e q u iv a le n t ,  i . e . ,  imp o s in g  e i t h e r  ( 2 . 7 )  o r  ( 2 . 8 )  upon  su ch  R i mp l i e s
t h a t  R =  p *A .

PROOF

1. ( 2 . 7 )  ( 2 . 8 ) .
* d f .

F i r s t  we  show t h e  f o l l o w i n g :  L e t A  =  E u A u A ; A u . . . ,  a n d  l e t X b e  a n

a r b i t r a r y  r e l a t i o n  o ve r V  s a t i s f y i n g :  V I A I f  u ; A  c  A ; u ,  t h e n  u ; X  c  X ;
1 1
] .Then X  c  A  .  P r o O f :  Ch o o s e  a  fi x e d  x o
E  V .  D e fi n e  
u 0  
( s )  V t
[ s A  t
4
-
x
o
A
*
t ]
.

1) A  ( g e n e r a l i z e d )  t h e o r e m t o  t h i s  e f f e c t  i s  p r o v e d  i n  s e c t i o n  3 . 2



I t  i s  e a s i l y  v e r i fi e d ,  u s i n g  A ; A
*  c  A
*
,  t h a t  u
o
; A  c  
A ; u
0
.  
H e n c e  
b y

a s s u mp t i o n ,  u
o
; X  E  
X ; u  
o r ,  
V x , y
E u
o
( x )  
A  
x
X
y  
u
o
( Y
) ]
.  
A
s
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u
m
e  
x
o
X
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.

- C l e a r l y ,  u
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( x
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)  i s  
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.  
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i .
e .
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V t
E Y
A
*
t  
4
-  
x
o
e
t
i  
h
o
l
d
s
.

Ta k i n g  t  =  y  we  o b t a i n ,  s i n c e  E  c  A
*
,  t h e  r e s u l t  
t h a t  x
o
X y  x
0
A
*
y .  
S i n c
e

x o wa s  a r b i t r a r y ,  t h e  p r o o f  o f  X  c  A
*  i s  c o m p l e t e d .  
U s i n g  
t h i s  
a u x i l i a r
y

r e s u l t  t h e  p r o o f  o f  ( 2 . 7 )  = =  ( 2 . 8 )  i s  e a s i l y  e s t a b l i s h e d  a s  f o l l o w s :

From ( 2 . 7 a ) ,  V u E I f  u ; ( P ; A )  c  ( P ; A ) ; u ,  t h e n  u ; R  c  R ; u 1 .  T h e r e f o r e ,

R c  ( p ; A )
*
,  
w h e n
c e ,  
R ;
T  
c  
( p ;
A )
*
; T ,  
f
r
o
m  
w
h
i
c
h
,  
b
y  
(
2
.
7
b
)
,  
R  
c  
(
p
;
A
)
*
;
1
7
)

i s  O b t a i n e d .  No w s uppos e  t h a t  S  =  p ; A ; S  u  f ) .  I n  o r d e r  t o  s h o w t h a t  t h e n

R c  S ,  i t  i s  s u f fi c i e n t  t o  s h o w t h a t  e a c h  o f  E ; ,  p ; A ; p ,  p ; A ; p ; A ; i 3 , . . . ,

( p ; A )
i
; i S , .
. .  
i
s  
i n
c l
u d
e d  
i
n  
S
.  
T
h
i
s  
f
o
l
l
o
w
s  
b
y  
S  
D  
p
;
A
;
S  
D

D ( p ; A )
i
; S  
=  
( p ; A
)
i
;
( p ; A
; S U p
-
)  
n  
( p
; A
)
i
;
1 7
) .

2.  ( 2 . 8 )   >  ( 2 . 7 ) .

By t h e  K n a s t e r - T a r s k i  t h e o r e m [ 1 8 ] ,  a s  me n t i o n e d  e . g .  i n  d e  B a k k e r  [ l ]

o r  P a r k  [ 1 5 ] ,  we  h a v e  t h a t  ( 2 . 8 )  i s  e q u i v a l e n t  w i t h

( 2
.
9 )

VSEI f  p ; A ; S  u  p c  S ,  t h e n  R

L e t  R  s a t i s f y  ( 2 . 8 )  a n d ,  h e n c e ,  ( 2 . 9 ) .  L e t  u  b e  s u c h  t h a t  p ; u ;  _  ; u .

We s h o w t h a t  t h e n  u ; R  c  R ; u ,  o r ,  e q u i v a l e n t l y ,  t h a t
d f .  „

V x , y
-
E x R
y  
±  
E l
l
( x
)  
÷  
u
(
y
)
]
]
.  
L
e
t  
x
S
y  
<  
>  
E
u
(
x
)  
l
A
Y
)
]
.  
B
Y  
(
2
.
9
)
,  
i
t  
w
i
l
l

be s u f fi c i e n t  t o  s h o w P ; A ; S  u  p  c  S .  C l e a r l y ,  p  c  S .  A l s o ,  i n  o r d e r  t o

show p ; A ; S  c  S ,  we  mu s t  p r o v e  V x , Y , z [ P ( x )  A  x A y  A  E u ( y )  u ( z ) ]  ÷

÷  E u ( x )  ÷  u ( z ) ] ] .  As s ume p ( x ) ,  x A Y ,  u ( Y )  ÷  u ( z ) ,  a n d  u ( x ) .  S i n c e

p ; u ; A  c  A ; u ,  w e  h a v e  u ( Y ) .  T h u s ,  u ( z )  f o l l o w s  f r o m  t h e  a s s u mp t i o n ,  a s

d e s i r e d .  T h i s  c o mp l e t e s  t h e  p r o o f  o f  ( 2 . 8 )   >  ( 2 . 7 a ) .  T h a t  o f  ( 2 . 8 )

( 2 . 7 b )  i s  l e f t  t o  t h e  r e a d e r .

We c a n  n o w s t a t e  t h e  o r i g i n  o f  t h e  i n v e s t i g a t i o n  l e a d i n g  t o  t h e  p r e s e n t

p a p e r :  We wa n t e d  t o  s o l v e  t h e  p r o b l e m:  G e n e r a l i z e  t h e o r e m 2 . 1  f o r  r e c u r s i v e

procedures.



3. SIMPLE RECURSIVE PROGRAM SCHEMES

8

A s imp le  re c u rs i v e  p rog ram scheme i s  a n  a b s t ra c t  f o rm o f  a  p rog ram c o n t a i -

n in g  a  syste m o f  d e c la ra t io n s  o f  re c u rs i v e  p ro ce d u re s.  I n  a n  ALGOL-like

language t h e  s t r u c t u re  o f  such  a  p rog ram mig h t  b e

beg in

end

procedure  P  ;<s ta te me n t  1 > ;

procedure  P  ;<sta te me n t  2 > ;

procedure!P  .<sta te me n t  n>-;n '
<statement>

where <sta te me n t  1 > ,  . . . ,  <sta te me n t  n > ,  a n d  <sta temen t> e a ch  may c o n t a in

occurrences ( i . e ;  " c a l l s " )  o f  P 1, P 2n
I n  s e c t io n  3 .1  we  fi r s t  g i v e  a  p re c is e  d e s c r i p t i o n  o f  t h e  language i n  wh ich

the  a b s t ra c t  s t a t e me n t s ,  i . e . ,  s t a t e me n t  schemes a re  w r i t t e n .  I n f o r m a l l y ,

the  language a l l o ws  c o n s t ru c t io n  f ro m c e r t a i n  e le me n ta ry  sta te me n ts -  e i t h e r

" a to mic"  a c t i o n s  o r  p ro ce d u re  c a l l s  -  b y  means o f  co mp o s i t io n ,  deno ted  b y

the  g o -o n  o p e ra t o r  " ; " ,  o r  b y  means o f  t h e  u n io n  o p e ra t o r  " u " .  F o r  o u r  u se

o f  " u "  compare t h e  p re v io u s  s e c t i o n ,  wh e re  i t  was i n d i c a t e d  how t h e  c o n d i -

t i o n a l  s ta te me n t  i f  p  t h e n  S
i  e l s e  S
2  i s  
r e p r e s e n t
e d  
b y  
p ; S
i  
u

For t h e  moment, we  d o  n o t  y e t  b r i n g  th e se  p ' s  i n t o  t h e  f o rma l  language .

They ca n  w a i t  t i l l  s e c t io n  4
•A f t e r  t h e  i n t ro d u c t i o n  o f  t h e  f o rma l  language ,  we  d e fi n e  h o w a  p rog ram

scheme w r i t t e n  i n  i t  ca n  be  i n t e rp re t e d  a s  p re s c r i b i n g  a  co mp u ta t io n .

S t a r t in g  w i t h  a n  i n i t i a l  i n t e r p r e t a t i o n  o f  t h e  a t o mic  a c t i o n s  and  t h e

constan ts ( 0  and  E ) a s  mappings ( r e l a t i o n s )  o v e r  some d o ma in ,  we  c o n s t ru c t

f rom t h i s  i n i t i a l  i n t e r p r e t a t i o n  t h e  i n t e r p r e t a t i o n  o f  t h e  scheme a s  a

who le ,  u s i n g  t h e  n o t io n  o f  co mp u ta t io n  sequence, t h e  d e fi n i t i o n  o f  wh ich

embodies, among o t h e rs ,  t h e  " co p y  r u l e "  f o r  p ro ce d u re s.

F i n a l l y ,  a f t e r  h a v in g  p re sc r ib e d  t h e  f o rm o f  t h e  a s s e r t io n s  we s h a l l  b e



b. The c las s  o f  procedure s y mbo ls
.
P =denoted b y  P , P

1
, P
2
-
5
. —

1 . P u P c  SS

in t e re s t e d  t o  make abou t  p ro g ram schemes, we  d e fi n e  t h e  n o t i o n  o f  v a l i d i t y
o f  a s s e r t io n s .  Th e  fundamen ta l theorems a b o u t  p ro g ra m schemes a re  t h e n
d e rive d  i n  s e c t io n s  3 . 2  and  3 . 3 .

3.1 Language and  i n t e rp re t a t i o n

The b a s ic  components o f  p rog ram schemes a re  t h e  t wo  c la sse s  o f  symbo ls
in t ro d u ce d  i n

DEFINITION 3 .1  ( B a s i c  symb o ls)

a. Th e  c l a s s  o f  r e l a t i o n  s y m b o l s R = A u X u C ,  wh e re  A =  [ A
l  , A
2
, . .

X =  f X
1 5
X
2 5
. . . 1 ,  
a
n
d  
C  
=  
(
0
,
E
)
.  
A
r
b
i
t
r
a
r
y  
e
l
e
m
e
n
t
s  
o
f  
R  
(
A
,
X
)  
a
r
e  
d
e
n
o
-

ted  b y  R , R
1 9
R
2
, . . . ,  
( A , A
1
, A
2
, . . . , X ,
X
1
, X
2
, . . ) .  
T
h
e  
e
l
e
m
e
n
t
s  
o
f  
C  
a
r
e

denoted b y  0  an d  E  re s p e c t i v e l y .

) P 0 5
. . .

w i t h  a r b i t r a r y  e le me n ts

Remark: Th e  d i s t i n c t i o n  between A  a n d
-
X  i s  i n t r o d u c e d  
o n l y  
f o r  
t h e  
t e c h n i c a
l

reason o f  making  a v a i l a b le  a  co n ve n ie n t  s u b s t i t u t i o n  mechanism; a s  t o  t h e i r

i n t e rp re t a t i o n ,  A  and. X  a re  t re a t e d  i n  t h e  same way.
From t h e  c la s s e s  R and  P  we c o n s t ru c t  t h e  c la s s e s  O f s t a t e me n t  schemes SS,

o f  d e c la ra t i o n  schemes VS, a n d  o f  p rog ram -schemes PS.

DEFINITION 3 . 2  (Schemes)

a. Th e  c l a s s  o f  s ta te me n t  schemes SS ( a r b i t r a r y  e le me n ts S , S
1 5
. . .

2. I f  S1 ,S2 E  SS,  t h e n ;S2)  a n d  (S 1uS2)  E  SS.

b. Th e  c l a s s  o f  d e c la ra t io n  schemes VS ( a r b i t r a r y  e le me n ts D,

A d e c la ra t i o n  scheme i s  a  s e t  o f  p a i r s  f P  P ,S P 1 PET' , w i t h  n  a  (n o t
n e ce ssa r i ly  fi n i t e )  i n d e x  s e t ,  a n d ,  f o r  each  pEn ,  P  P ,  S  E  SS.P P

c. Th e  c l a s s  o f  p rog ram schemes PS ( a r b i t r a r y  e lemen ts T , T  , . . , T
1
, . . .

A p rog ram scheme i s  a  p a i r  (D , S )  w i t h  D P S ,  S  S S .



P -A  - P1 ' 2 '  2

e . g . ,  f o r  7  =  1 , 2 1  we mig h t  have

P ; I '  -A u  A ;2° u  E1 2  2 '  3  1  2

uQ ; P  u  A1 2 '  4  5

DEFINITION 3 . 3  (A s s e r t i o n s )

n e ce ssa r i ly  fi n i t e ,  i n d e x  s e t .

1
0

A p rog ram scheme T  =  (D , S )  =  (  P
p
, S
p
l
i o c 7
, S )  w i l l  
u s u a l l y  
b e  
d i s p l a y
e d  
a s

}

P •1=— S E  71
P P

where we have  d ropped  t h e  pa ren theses o f  d e fi n i t i o n  3 . 2 ,  c la u se  a 2 .  These

may be  re s t o re d  b y  u s in g  " a s s o c i a t i v i t y "  a n d  t h e  co n ve n t io n  t h a t  " ; "  h a s

p r i o r i t y  o ve r " u " :  S 1 ;S2 u  S 3 i s  re s t o re d  a s ( ( S 1; S 2)uS) .
Of ten ,  f o r  a  p rog ram scheme T  =  ( D , S ) ,  we  s h a l l  i d e n t i f y  T  and  S  when i t  i s

c le a r f ro m t h e  co n t e x t  wh ich  D i s  mean t .  S , S
1
, . . . , T , T
1
, . . .  w i l l  
t h e n  
e a c h

range b o t h  o v e r  SS and  PS.

The language  a l l o ws  u s  t o  s t a t e  c e r t a i n  f a c t s  a b o u t  p ro g ra m schemes i n  t h e
form o f  as s er t ions :

a. A n  a t o mic  f o rmu la  i s  o f  t h e  f o rm T1 c  T  ,  w i t h  T l '  T2 e  PS.-

b. A  f o rmu la  i s  a  s e t  o f  a t o mic  f o rmu la e :  f T 1 , r  E  T 2 , r 1re p ,  w i t h  o  a ,  n o t

c. A n  a s s e r t i o n  i s  o f  t h e  f o rm 4) I— IP, w i t h  (DA) f o rmu la e .



1
1

Examples:

1. X  -A  P  I
-  ( A  -
X  
t l E ) -
A  
c  
p

2 '
.  
2  
-  
1  
1
'  
2  
'  
2  
-
-  
1

2. { X  c  X  }  I -  { A  ' X  c  A  -  'X  }1 , r  -  2 , r  re p  1 '  1 , r  -  1 2  r  re p

(No co n f u s io n  sh o u ld  be  caused b y  t h e  -  u n a vo id a b le  -  mix t u re  o f  o b j e c t -

language and  metalanguage i n  t h e  second  a s s e r t i o n ) .

Re ma rk : T
1  =  
T
2  
w i l
l  
b
e  
u
s
e
d  
a
s  
a b
b r
e v
a t
i o
n  
f
o
r
T
1  
c
T
2
'  
T
2  
c
T

-  -  1
.The f o l l o w i n g  n o t a t i o n  w i l l  be  u se d  f o r  s u b s t i t u t i o n :  F o r  S , S

1  E  S S ,  a n dX E X ,  S
i
E S / X J  
d e n
o t e
s  
t
h
e  
r e
s u
l t  
o
f  
s u
b s
t i
t u
t i
n g  
S  
f
o
r  
a
l
l  
o
c
c
u
r
r
e
n
c
e
s  
o
f

X i n  S1. A l s o  f o r  7  a n y in d e x  s e t ,  S ,  S  E  SS (p e 7 ) ,  a n d  X  E  X  (p e 7 ) ,
SES / X  j  d e n o t e s  t h e  r e s u l t  o f  s imu l t a n e o u s ly  s u b s t i t u t i n g ,  f o r  eachP p  pE7
pe7, S  f o r  a l l  o ccu rre n ce s o f  X  i n  S .  Th e  n o t a t i o n  i s  extended  i n  a n

obvious way t o  a t o mic  f o rmu la e ,  f o rmu la e  and  a s s e r t io n s .  E . g . ,

(T1 c T 2 ) [ S / X ]  i s  s h o r t  f o r  T 1 [S /X ]  c  T , [ S / X ] ,  a n d  (4 4 -CE S / X J  f o r-  -  2
(DES/XJ I g S / X 1 1 .  We emphasize t h a t  s u b s t i t u t i o n  i n  a  p rog ram scheme

T =  (D , S )  t a k e s  p la c e  o n l y  i n  S  an d  n o t  i n  D.  Wi t h o u t  e x p l i c i t  me n t io n in g ,

use w i l l  be  made o f  t h e  c h a in  r u l e  f o r  s u b s t i t u t i o n s :  ( S E 5
1
/ X J )  E S
2
/ X j  =

sEs [ s 2 /X ] /XJ.

We now r e l a t e  t h e  p ro g ra m schemes a s  f o rma l  o b je c t s  t o  t h e i r  in t e n d e d  meaning.

A p rog ram scheme T  E PS p re s c r ib e s  a  c l a s s  o f  co mp u ta t io n s.  B y  ch o o sin g  fi r s t -

l y  a  domain o v e r  wh ich  t h e  co mp u ta t io n  i s  t o  t a k e  p la c e ,  a n d  se co n d ly  t h e
concre te  r e a l i z a t i o n s  o f  t h e  r e l a t i o n  symb o ls i n  R o ve r t h i s  doma in ,  a n

i n t e rp re t a t i o n  -  depending upon t h e se  ch o ice s  -  i s  a ss ig n e d  t o  T .  Th e  p r e -
c ise  d e fi n i t i o n s  f o l l o w  i n  d e fi n i t i o n s  3 . 4  t o  3 . 6 .

DEFINITION 3 . 4  ( I n i t i a l  i n t e r p r e t a t i o n )

An i n i t i a l  i n t e r p r e t a t i o n  c
o  i s  g i v e n  
b y  
i t s  
d o m a i n  
V  
( a n  
a r b i t
r a r y  
n o
n -

empty s e t )  a n d  a  mapping ( a l s o  deno ted  b y  c
o
)  f r o m  t h e  
e l e m e n t s  
o f  
R  
t o

b in a ry  r e l a t i o n s  o v e r  V  s a t i s f y i n g  t h e  c o n d i t i o n  t h a t  c
0
( 0 )  i s  t h e  e m p t y
r e l a t i o n  o ve r V  and c
o
( E )  t h e  
i d e n t i t y  
r e l a t i
o n .



( 3 . 1 )  x
i  S
i  x
2  
S
2  
. .
.  
x
n  
S
n  
x

n+1

12

The e x t e n s i o n  o f  a n  i n i t i a l  i n t e r p r e t a t i o n  c 0  t o  a n  ( e x t e n d e d )  i n t e r -
p r e t a t i o n  c  n e e d s  t h e  n o t i o n  o f  a  c o mp u t a t i o n  s equenc e .

DEFI NI TI ON 3 . 5  ( Co mp u t a t i o n  s e q u e n c e )

A c o mp u t a t i o n  s equenc e  w i t h  r e s p e c t  t o  t h e  d e c l a r a t i o n  s c heme

D =  , S  1  a n d  t h e  i n i t i a l  i n t e r p r e t a t i o n  c  w i t h  d o ma i n  V  i s  a  f
i n i t e P P  Pc f r  0
s equenc e

w i t h n > l , x . c V  ( 1 < i <n 4 - 1 ) ,  S .  c  S S  ( 1 < i < n ) ,  s a t i s f y i n g  t h e  c o n d i t i o n :1 —  — 1
Fo r  e a c h  i ,  1  . . <
. . .
i  f , .  n ,  
o n e  
o f  
t h e  
f o l l
o w i n
g  
s
i
x  
c a
s e
s  
a p
p l
i e
s :

a l .  S .  =  R.  T h e n  i  =  n ,  a n d  ( x . , x .  )  c  c  ( R ) .11  1 + 1  0
2 x1 1 + 1  1 + 1  x

1 + 1  . .
1

3.  S .  =  P  ,  T h e n  S .  =  S w h e r e  ( P  , S  )  e  D ,  a n d  x .  =  x . .
1 p  1 + 1  p '  p p  1 + 1  1

h i .  S .  =  R ; S ' .  T h e n  S
i . . . F . /  =  S t  
a n d  ( x
i
, x
j 4 . 1
)  
c  c
o
( R ) .

1

2 . s 1  Si , = V ; S o r S
i l
_
I
= S " ; S ,  
a n d  
x .
1  
=  
x .
.

1+ 1
3.  S .  =  P  ; S .  T h e n  S .  =  S  ; S ,  wh e r e  ( P  , S  )  c  D ,  a n d  x .  =  x . .P 1 + 1  1

Ex ample:  L e t  D  b e

P1   A
1
; P
1
; 1 1
2  
u  
A  
;
P
2

P
2  
<   
A  
.
'
P  
u  
E
.

4 2

A p o s s i b l e  c o mp u t a t i o n  s equenc e  w i t h  r e s p e c t  t o  D  a n d  a  g i v e n  c
o  i s
( S
1
=
A
5
; P
1
) :

x
i  
A
5
;
P
1  
x
2  
P
i  
x
3  
A
1
;
P
l
;
A
2  
u  
A
3
;
P
2  
x
4  
A
l
;
P
0
A
2  
x  
P
1
;
A
2

X
6 
(
A
0
P
1
;
A
2
u
A
3
;
P
2
)
;
A
2  
x
_
r  
A
3
;
P
2
0
2  
x
8  
P
2
;
A
2

x
9  
(
A
4
;
P
2
u
E
)
;
A
2  
x
i
o  
A
4
;
P
2
;
A
2  
x
i
i  
P
2
;
A
2  
x
1
2  
(
1
1
)
;
P
2
u
E
)
;
A
2

x
1
3  
E
;
A
2  
x
1
4  
A
2  
x
1
5

w i t h  ( x
1
, x
2
)  
E  
c
0
( A
5
) ,  
x
2  
=  
x  
,  
x
3  
=  
x
4
,  
(
x
4
,
x
5
)  
C
o
(
A  
,  
e
t
c
.
.

Remark s :

1. T h e  d e fi n i t i o n  o f  c o mp u t a t i o n  s equenc e  i s  a n  e l a b o r a t i o n  o f  a  p r o p o s a l

by  S c o t t  L l i j .
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2. A  co mp u ta t io n  sequence su ch  a s  ( 3 . 1 )  may be  v ie we d  a s f o l l o w s :  Ea ch  S
i
,

i s  t h e  p rog ram wh ich  re ma in s t o  b e  e xe cu te d ,  a t  s t a g e  i ,  w i t h

c u r r e n t " s t a t e x . . T h e  e xe cu t io n  i s  co mp le te d  when t h e  l a s t  s ta te me n t

-  wh ich  i s  n e c e s s a r i l y  a n  e lemen t  o f  R -  i s  p e rfo rme d  (c la u s e  a l ) .  Cla u se s

a2 and  b2  d e sc r ib e  a  ch o ice  between two  p o t e n t i a l  co n t in u a t io n s .  Cla u se s

a3 and  b3  g i v e  t h e  copy r u l e  f o r  p ro ce d u re s:  re p la c e  t h e  p ro ce d u re  i d e n -

t i fi e r  b y  i t s  b o d y,  a n d  co n t in u e  w i t h  t h e  t h u s  mo d ifi e d  p ro g ra m.  Cla u se s

b l  t o  b 3  c o n t a in  t h e  u su a l  meaning o f  " ; "  p re s c r i b i n g  c o n t in u a t io n .

We a re  now s u f fi c i e n t l y  p re p a re d  t o  d e fi n e  t h e  i n t e r p r e t a t i o n  o f  a  p rog ram
scheme.

DEFINITION 3 . 6  ( I n t e r p r e t a t i o n )

Let T  =  (D , S )  b e  a  p rog ram scheme and l e t  c
o  b e  a n  i n i t i a l  
i n t e r p r e t a t i o n .
Then t h e  i n t e r p r e t a t i o n  c  (wh ic h  i s  s a id  t o  e xte n d  c  0)  i s  d e fin e d  b y :
For each  x , y  E V ,  ( x , y )  E  o ( T )  i f f  t h e re  e x i s t s  a  co mp u ta t io n  sequence

x
2  
S
2  
.
.
.  
x
n  
S
n  
x
n
+
1  
w
i
t
h  
r
e
s
p
e
c
t  
t
o  
D 
a
n
d  
c
o  
s
u
c
h  
t
h
a
t  
x
i  
=  
x
,

xn+1a n d  S i= y ,  =  S .

Usu a l ly ,  we  a re  i n t e re s t e d  i n  a s s e r t io n s  a b o u t  p ro g ra m schemes wh ich  h o ld

f o r  a l l  i n t e r p r e t a t i o n s ,  i . e . ,  wh ic h  a re  v a l i d :

DEFINITION 3 . 7  ( V a l i d i t y )

a. A n  a t o mic  f o rmu la  T
1
C T
0  s a t i s fi e s  
a n  
i n t e r p r
e t a t i o n  
c
,  
i f
f

c(T1 ) c c ( T 2 ) h o ld s .  I f  T 1 c  T 2 s a t i s fi e s  a l l  c ,  i t  i s  c a l l e d  v a l i d .-  —

b. A  f o rmu la  (D s a t i s fi e s  c  ( i s  v a l i d )  i f f  a l l  i t s  e le me n ts s a t i s f y  c  ( a r e
v a l i d ) .

c. A n  a s s e r t i o n  4) H i  su ch  t h a t ,  f o r  a l l  c ,  i f  4) s a t i s fi e s  c  t h e n  tl) s a t i s -
fi e s  c ,  i s  c a l l e d  v a l i d .

Remarks:

1. No t e  t h e  d i s t i n c t i o n  between d e fi n i t i o n  3 . 7 c  a n d  t h e  a l t e r n a t i v e :

(I) h  lp i s  c a l l e d  v a l i d  i f f  v a l i d i t y  o f  (I) i mp l i e s  v a l i d i t y  o f  p .  Th e



a l t e rn a t i v e  i s  n o t  adop ted .

2. F ro m t h e  d e fi n i t i o n s  i t  f o l l o w s  t h a t  i f  4) i p  i s  a  v a l i d  a s s e r t i o n ,
f o r  a r b i t r a r y  S ,  (4 ) I -  tp) E S / X I i s  a l s o  v a l i d .

Examples o f  v a l i d  a sse rt io n s

a. W i t h  re sp e c t  t o  D =  { P
i  = =  PP

1  
=b. W i t h  re sp e c t  t o  D =  { P  <    A

l
; P
l  u  A
2

P
2  
<  
A
0
P
2  
u  
E
l

= P
2
; A  
,  
a
n
d

X c  P  • A  I
-  A  
• X  
u A  
c
P  
•

1 -  2 '  2  1 '  1  2 —  2
A '  2

The ma in  r e s u l t  o f  s e c t io n  3  i s  a  r u l e  f o r  p ro v in g  v a l i d i t y  o f  a sse rt io n s

(S c o t t ' s  i n d u c t i o n  r u l e ) .  A n  imp o rt a n t  t o o l  i n  t h e  p ro o f  o f  t h i s  r u l e  i s
the  u n io n  th e o re m,  d e a l t  w i t h  i n  t h e  n e x t  su b se c t io n .

3 .2  The u n io n  th e o re m

We b e g in  w i t h  a  s imp le  lemma s t a t i n g  some d i r e c t  consequences o f  t h e

d e fi n i t i o n  o f  i n t e rp re t a t i o n .

LEMMA 3 .1  1 )

a. I f  T  R ,  t h e n  c
o
( T )  =  
( T )

b. c ( T 0 T 2 )  =  c ( T
1
) ; c ( T
2
)

c. c ( T
1
u T
2
)  
=  
c
( T
1
)  
u  
c
(
T
2
)

d. c (1 )  )  =  c (S  ) ,  f o r  each  p  7 .

PROOF. We p ro ve  o n l y  p a r t  d .

1. E .  Assume ( x , Y )  c ( P  ) .  Then  t h e re  i s  a  co mp u ta t io n  sequence

x1 S 1 x 2 S 2 *  x  S  x  w i t h  x 1 =  x ,  x  = ,  a n d  S  =  P .  B y  d e fi -n n  1

n i t i o n  3 . 4 ,  t h e n  S
2  =  S
p
,  a n d  
x
2  
=  x
i
.  
T h e r
e f o r e
,  
x
2  
S
2  
.
.
.  
x
n  
S
n  
x
n .
1 .
1

i s  a l s o  a  co mp u ta t io n  sequence; h e n ce ,  ( x , y )  =  ( x
2
, x
n . 1 . 1
)  e  c ( S  )  
=  c ( S 1 ) .

1)The lemmas o f  t h i s  and  t h e  f o l l o w i n g  su b se ct io n s  a lwa ys r e f e r  t o  s u i t a b l y
de fin ed  s t a t e me n t ,  d e c l a ra t i o n ,  o r  p ro g ra m schemes. I n  p a r t i c u l a r ,  we  a l -
ways 'assume g iv e n  t h e  d e c la ra t i o n  scheme D =  {P  , S  }  s u c h  t h a t  none o f  t h epS c o n t a i n s  a n y  o ccu rre n ce  o f  a n  X  X .  p p e l r
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2.  D .  As s ume ( x , Y )  c ( S  ) .  T h u s ,  t h e r e  i s  a  c o mp u t a t i o n  s equenc e

x S x S  . x S x w i t h  x  =  x ,  x  =  a n d  S  =  S p.  Th e n  t h e1 1 2 2   n  n  n 1 - 1 '  1  n 1 - 1  1

s equenc e x
l  S I  
x
:
1 1  
a  
S
l
'  
w
i
t
h  
m  
=  
n
1
-
1
,  
S
I  
=  
P  
S
!  
=  
S
.

p 1 - 1
= x
1  
t  
=  
x
l
'  
x
!  
=  
x
.
1
-
1  
=  
2 ,
3 ,
- ,
m 4
.
1 ,  
i
s  
a
l
s
o  
a  
c
o
m
p
u
t
a
-

1 ,
-t i o n  s e q u e n c e ,  whenc e  ( x , Y )  c ( P  )  f o l l o w s .

Remark s .

1. T h e  r e s u l t  o f  l emma 3 . 1  d ,  i s  n o t  a s  o b v i o u s  a s  i t  ma y  s eem.  I n  f a c t ,  i t

does  n o t  n e c e s s a r i l y  h o l d  i n  c e r t a i n  t r e a t me n t s  o f  t h e  n o n - mo n a d i c  c a s e ,

as h a s  b e e n  p o i n t e d  o u t  b y  Manna a n d  Ca d i o u  [ 8 ] .

2.  F r o m  t h e  d e fi n i t i o n s  a n d  l emma 3 . 1 ,  t h e  v a l i d i t y  o f  s t a n d a r d  p r o p e r t i e s

o f  p r o g r a m s c hemes ,  s u c h  a s  c  T ,  ( S
1
; S
2
) ; S
3  =  S
i
; ( S
2
; S
3
) ,  E ; T  
=  
T ,  
i f

S S
 2 t h e n  S ; S 1 c  S ; S 2 e t c . ,  e a s i l y  f o l l o w s .  Th e s e  a n d  s i m i l a r1 -  -

p r o p e r t i e s  w i l l  b e  u s e d  i n  t h e  s e q u e l  w i t h o u t  e x p l i c i t  me n t i o n i n g .  We d o

me n t i o n  s e p a r a t e l y  t h e  m o n o t o n i c i t y  p r o p e r t y  i n  i t s  t w o  mo s t  u s e d  f o r ms :

LEMMA 3 . 2  ( M o n o t o n i c i t y )

a. S c  s E s 1 c  s [s 2 ix ]
b. I S  c  s E s ,  i x  ]  c  sEs / X,I , r  r  re.p I , r  r  rE p  -  2 , r  r  rE p

b u t  we  o m i t  i t s  p r o o f ,  w h i c h  p r o c e e d s  b y  a n  i n d u c t i v e  a r g u me n t  o n  t h e

c o mp l e x i t y  o f  t h e  s t a t e me n t  s c hemes  c o n c e r n e d .

We n o w c ome t o  t h e  mo r e  i n t e r e s t i n g  p a r t .  F i r s t  we  i n t r o d u c e  s ome

a u x i l i a r y  c o n c e p t s  a n d  n o t a t i o n .

DEFI NI TI ON 3 . 8 .

a.  A  s t a t e me n t  s c heme S  i s  c a l l e d  c l o s e d  i f  i t  c o n t a i n s  n o  o c c u r r e n c e s  o f

any  X  X .

b.  L e t  S  b e  a  s t a t e me n t  s c heme.  S  d e n o t e s  t h e  r e s u l t  o f  r e p l a c i n g ,  i n  S ,

a l l  o c c u r r e n c e s  o f  a  p r o c e d u r e  s y mb o l  P  b y  X  f o r  e a c h  pP P



LEMMA 3 . 3
—

a. F o r  c lo se d  T ,  TEP / X  I  =  TP P  PEIT
b. F o r  a r b i t r a r y  T :

c P  I  T E P  / X  ]  E S  X  ]  T E S  X  ]  •P — P  PEI" P  P  Pcfr , P  P  PET — P  P

PROOF. F o l l o ws  f ro m t h e  d e fi n i t i o n s ,  p r o p e r t i e s  o f  s u b s t i t u t i o n  and

mo n o t o n ic i t y .

Next we need ,  f o r  each  T ,  t wo  sequences o f  s u b s t i t u t i o n  r e s u l t s  T L k]  a n d

T( k ) ,  k  =

DEFINITION 3 . 9
[o ]a. T  =  T

E10-1] —  E k ]T =  T  ES / X  ]  k  =  0 , 1 , 2 , . . .P P  Pcff
(0 )b. T  =  0

(10-1) —  ( k )= T  S  / X  ]  k  =  0 , 1 , 2
p  p

We imme d ia t e ly  have

= TE0]EQ/X ]p p cir

LEMMA 3 . 4

a P (k1.1) =  S ( k ) ,  k  =  0 , 1 , 2 , . . .P P
(k+1) [ k ]b . T  =  T  [ 0 / X  ]  ,  k  =  0 , 1 , 2 , . . .P Pcn

C. T Ek-1-1] =  ( [ k ] T )[ 1 ]  .

PROOF. a  and  c  a re  l e f t  t o  t h e  re a d e r.

b. We u se  i n d u c t i o n  on  k .
— ( 0 )( i )  k  =  O.  T (1 )  =  TES / X  ]  =  TE0 /x ]P P  P



( i i )  As s ume t h e  r e s u l t  f o r  k - 1 .  We h a v e

T
[
k
]
[
2
/
x  
i

= . .
r R
S
E k -
1 ]
/
X  
]  
D
V
X  
]  
.

p peTr P  P  PcrY p  p e 7

 L r
[ k
-
l ]
i x  
]  
u
v
x  
]  
.

p P  PET
- P  
P c f r

. - - - - - - -
r
j
k
-
1
1
D
V
)
'
C 
]  
/
X 
]

= ( i d .  h y p o t h e s i s )L p  P  PEf f  P  P c
7
c a
( k
)
/ x  
1  
=  
T
(
I
t
i
-
1
)

P P  PEf f
•
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The n e x t  t w o  d e fi n i t i o n s  a r e  p r e p a r a t o r y  t o  t h e  t h r e e  ma i n  lemmas  o f  t h i s

s e c t i o n ,  l e mma s  3 . 5  t o  3 . 7 .  T h e  d e fi n i t i o n s  a r e  o f  a  t e c h n i c a l  n a t u r e  a n d

a r e  u s e d  o n l y  i n  t h e  p r o o f s  o f  t h e s e  l e mma s .

DEFI NI TI ON 3 . 9  ( E x e c u t a b l e  o c c u r r e n c e )

A p r o c e d u r e  s y mb o l  P  i s  s a i d  t o  o c c u r  e x e c u t a b l e  i n  a  c o mp u t a t i o n  s equenc e

x
1
S
1
x
2
S
2
.
.
.
.
x
n
S
n
x
n
i
-
1
/
i
f
"
"
o
r
s
o
i
l
l
e
"
"
i
4
-
1
1
/
8
.
1
-
-
P
p
"
S
-
L
-
-
-
P  
;
S
.

1

DEFI NI TI ON 3 . 1 0  ( t o  I d e n t i f y )

L e t x
1  
S
1  
x
2  
S
2  
I
c
S
x
n
+
1  
b
e  
a  
c
o
m
p
u
t
a
t
i
o
n  
s
e
q
u
e
n
c
e
.  
W
e  
s
a
y  
t
h
a
t  
a

n n
P r o c e d u r e s r r i b o l - P o c c u r r i n g i n s o m e S c o n t a i n e d i n S . , L s i
5
n ,  d i r e c t l yi d e n t i fi e s  t h e  c o r r e s p o n d i n g  o c c u r r e n c e  o f  P  i n  S  c o n t a i n e d  i n S .  i n

P 1 + 1 '
eac h o f  t h e  f o l l o w i n g  eas es

a . S . = S  u  S
I  a n d  
S .  
= -  
8
/  
o
r  
S
.  
=  
S
I  
u  
S
,  
a
n
d  
S
.  
=  
S
.

1 1 4 . 1  1  S 1 1 . 1

b.  S .  =  R; S  a n d  S .  =  S .1 1 + 1

c . S . = ( S l u S 7 ) ; S a n d S
i 4 . 7 1
= S
I
; S P r " ; $ , o r S . ' = ( S u S
e
) ; S "

1 1

and S .  = 1 3 ; 0 ' „  o r  S
i _  = - ( S
I
O S ) ; S "  
a n d  
S .  
=  
S ; S
" .

14-1 1 4 - 1

d.  S .  =  P  ; S  a n d  S .  =  S  ; S ,  f o r  s ome q  e  Tr.q 1 + 1  q

The r e l a t i o n s h i p  t o  i d e n t i f y  i s  d e fi n e d  a s  t h e  r e fl e x i v e  a n d  t r a n s i t i v e

c l o s u r e  o f  t h e  r e l a t i o n s h i p  t o  i d e n t i f y  d i r e c t l y .



LEMMA 3 . 5  ( V a n  Emde Boas)

Let

(3.2)

be a  co mp u ta t io n  sequence w i t h  8  >  0  e xe cu ta b le  o ccu rre n ce s o f  a  p rocedu re

symbol. Mo re o ve r,  we  assume t h a t  S
i  ( a n d ,  
t h e r e f o r e ,  
e a c h  S
i
,  
i > 2 )  
i s  
a

clo se d  sta te me n t  scheme. Then  t h e re  e x i s t s  a  co mp u ta t io n  sequence

x '  S '  x  S
I  
x '  
S '  
x
'
s
u
c
h  
t
h
a
t  
x
'  
=  
x  
x
'  
=  
x  
S
i  
=  
S
[
1
]
'  
a
n
d
,

1 1  2  2  m  m  1  l '  m4-1  4 + 1 '  1  1
moreover,  su ch  t h a t  f o r  t h e  number 6 '  o f  e xe cu ta b le  o ccu rre n ce s o f  a  p ro -

cedure symb o l i n  t h i s  sequence we have  8 '  <  6 -1 .

PROOF. We in t ro d u c e  t h e  f o l l o w i n g  t ra n s f o rma t io n  o n  t h e  co mp u ta t io n

sequence ( 3 . 2 ) :

Step 1 .  Co n s id e r ,  f o r  each  p  E w ,  a l l  o ccu rre n ce s o f  t h e  p ro ce d u re  symb o l

P i n  ( 3 . 2 )  wh ich  a re  i d e n t i fi e d  b y  an  o ccu rre n ce  o f  P  i n  Sp 1

Step 2 .  Ma rk  a l l  t h o se  co n s id e re d  o ccu rre n ce s wh ich  a re  e xe cu ta b le .

Step 3 .  Re p la ce  a l l  o t h e r  co n s id e re d  o ccu rre n ce s o f  P  b y  S '  f o r  eachP

Step .  Re p la ce ,  f o r  each  p E  7r, a l l  co mb in a t io n s . . . x
j  P
p
; S  x
j . 1 . 1
S
p
; S

o r . . .  x .  P  x .  S  x . •  -  .., wh e re  P  i s  a n  o ccu rre n ce  o f  PJ P  P  J
-
f e  
P  
P
'

marked a s a  r e s u l t  o f  S te p  2 ,  b y  .  x . S  ; S  x . +2 o r  b yJ P  j

x .  S  x . 2  • •  . ,  r e s p e c t i v e l y .J P  J
- 1 -

I t  ca n  be  v e r i fi e d  t h a t  t h e  r e s u l t  o f  a p p ly in g  t h i s  t ra n s f o rma t io n  t o  ( 3 . 2 )

i s  a g a in  a  co mp u ta t io n  sequence wh ich  has a t  l e a s t  one  e xe cu ta b le  o c c u r -

rence o f  some P  l e s s  t h a n  ( 3 . 2 ) .  I n  f a c t ,  a t  l e a s t  t h e  l e f t - m o s t  e xe cu t

ab le  o ccu rre n ce  o f  t h i s  P  h a s  been  d e le t e d .  Mo re o ve r,  i t  i s  c l e a r  t h a t  f o r
[ 1 ]

the  r e s u l t i n g  sequence we h a ve ,  b y  s t e p  3  o r  4 ,  t h a t  S ! = S , [ S  / X  ]  = S ,1
P
P
P
E
w  
i
•

LEMMA 3 . 6

Let x 1 S 1
1 <  i  <  n

Then, o r

p  E  I T .

x S  x  S  x2 2  n  n  n-1-1

x
2  
5
2  
.
.
.  
x
n  
S
n  
x
n
.
1
.
1  
b
e  
a  
c
o
m
p
u
t
a
t
i
o
n  
s
e
q
u
e
n
c
e  
w
i
t
h  
c
l
o
s
e
d  
S
i
,

, a n d  w i t h o u t  a n y e xe cu ta b le  o ccu rre n ce  o f  a  p ro ce d u re  symb o l.

a r b i t r a r y  R €  F ,  p  w ,  we  have  t h a t



PROOF.
a.
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x E R  / X  ]  x  E R  t X  ]  x  E R  / X  ]
l l p p p E f f  2  2 p p p E f f  n n p p p E T T  n + 1

i s  n l s o  a  c o mp u t a t i o n  s equenc e .

PROOF. S i n c e  n o n e  o f  t h e  P  i s  e x e c u t a b l e ,  e a c h  o f  i t  o c c u r r e n c e s  may  b e

r e p l a c e d  b y  a n  a r b i t r a r y  R w i t h o u t  c h a n g i n g  t h e  c o mp u t a t i o n .

LEMMA 3 . 7

L e t  T  b e  a  c l o s e d  s t a t e me n t  s c heme,  a n d  l e t  ( x , Y )  €  c ( T
1
) .  T h e n  t h e r e  e x i s t s

( k ) k
k >  0  s u c h  t h a t  ( x , y )  c k T  ) .

PROOF. B y  a s s u mp t i o n ,  t h e r e  i s  a  c o mp u t a t i o n  s equenc e  x
i  S
i  x
2  S
2  . . .

x
n  
S
n  
x
n
+
1
'  
w
i
t
h  
x  
=  
x
,  
x  
=  
y
,  
a
n
d  
S
1  
=  
T
.  
S
i
n
c
e  
S
1  
=  
T  
i
s  
c
l
o
s
e
d
,

1
each S .  i s  c l o s e d .  Re p e a t e d l y  a p p l y i n g  lemmas  3 . 5  a n d  3 . 4 c  y i e l d s ,  f o r  s ome

[ k ]
k >  0 ,  a  c o mp u t a t i o n  s equenc e  x
i  S
i  X '  . . . x
1
;
1  S ;  x
1
;
1 + 1
,  
s u c h  
t h a t  
x '  
=  
x

1 l '

x
1
;
1
_
1
.
1  
=  
y
,  
a
n
d  
s
u
c
h  
t
h
a
t  
t
h
i
s  
c
o
m
p
u
t
a
t
i
o
n  
s
e
q
u
e
n
c
e  
d
o
e
s  
n
o
t  
c
o
n
t
a
i
n  
a
n
y  
e
x
e
-

c u t a b l e  o c c u r r e n c e  o f  a  p r o c e d u r e  s y mb o l .  T h e n ,  b y  l emma 3 . 6 ,  we  h a v e  t h a t

[ k ]S. E Q / X  ]  x t - S ' [ P / X  ]  x '
p pc7T e  m  i n  p  pef f  m 4
,
1

T O  ( k + 1 )
i s  a l s o  a  c o mp u t a t i o n  s equenc e .  B y  l emma 3 . 4 ,  p a r t  b ,  S 1 W X  ]  =  S .p pcn

- 
1

( k +1 ) ,
Thus ,  we  h a v e  s h o wn  t h a t  ( x , y )  c  c ( S
i  ) .

LEMMA 3 . 7  p r o v i d e s  t h e  ma i n  r e s u l t  f o r  t h e  p r o o f  o f

THEOREM 3 .1  (U n i o n  th e o re m)

L e t  T  b e  a  c l o s e d  s t a t e me n t  s c heme.  T h e n ,  f o r  a l l  c ,

c
(
T
)  
=  
6  
c
(
T
(
k
)
)
.

k=0

Th i s  f o l l o w s  d i r e c t l y  f r o m  l emma 3 , 7 .
(k )F i r s t  we  show t h a t ,  f o r  each  p  E Tr, a n d  each  k ,  P

i n d u c t i o n  o n  k .

. We u s e



( i )  k  =  O.  C l e a r .

( i i )  Assume t h e  r e s u l t  f o r  k .  Th e n :

20

(k+1 ) =

( k )  ( k - 1 ) S F  S  ES i x  ]  =  s  [ P ( k )  /X ]  c
P P  P  P  Peff P  P  P  P€
1 1 .  — —

( i d .  h y p o t h e s i s )  S  EP / X  ]  =  S  =  ( l e mma  3 . 1 )  P pP P  P  PETT P

— ( kNext ,  we  show t h a t  T  c  T :  T ( k )  =  TES / X  ]  =  T [ P  1 -1 )  /X ]  cp, p  poT Pc
'
D

 c i x  ]  =  ( l e mma  3 . 3 )  T .  T h u s ,  L )  T ( k )  c  T  f o l l o w s ,  whenc e  t h e  p r o o f
P P  k = 0

o f  p a r t  b .

Remark: I n  t h e  se q u e l  we s h a l l  a b b re v ia t e  t h e  s ta te me n t  " F o r  a l l  c ,

c (T) =  U  c ( T
( k )
) "  t o :  
T  
=  
6  
' T
( k )
.

k =0 k = 0

As a  c o r o l l a r y  t o  th e o re m 3 . 1 ,  we  imme d ia t e ly  o b t a in  t h e  min ima l  fi x e d

p o i n t  p r o p e r t y  o f  p r o c e d u r e s :

COROLLARY 3 .1

Es i/x  c  s
,
}  
{ P  
c

P P  P  P E
7 1 .  —  
P  
P E
7  
p
—  
P  
P E
T ]
.

(k )PROOF. We u se  P  =  U  P  a n d  in d u c t i o n  o n  k .
p k = 0  p

( i )  p (o) s  se i s  c lea r .
( i i )  Assume t h e  r e s u l t  f o r  k .  Th e n ,  f o r  e a ch  p  E Tr, P (k1.1) =  s ( k )

g E 5
( k - 4
- 1 )
/
x  
]  
(
i
n
d
.  
h
y
p
o
t
h
e
s
i
s
)  
g  
E
S
'
/
X  
]  
c  
S
'
.

P P  p  p E 7  P  P  P  P E
7  —  P

F i n a l l y ,  we  a re  now i n  a  p o s i t i o n  t o  p ro ve  t h e  i n d u c t i o n  th e o re m,  t h e

importance  o f  wh ich  j u s t i fi e s  d e v o t i n g  a  se p a ra te  s e c t i o n  t o  i t :

P

3 . 2 .  T h e  i n d u c t i o n  t h e o r e m

THEOREM 3 . 2  ( S c o t t ' s  i n d u c t i o n  t h e o r e m)

L e t  (I) b e  a  c l o s e d  f o r m u l a .  Th e n :

lemma 3 . 4 )



I f

and

a re  v a l i d ,  t h e n

i s  v a l i d .

(1) t g o / x  ]
P PER

I - TE S  / x  ]P P  PER

TEP X
P P  PER
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PROOF. I t  i s  s u f fi c i e n t  t o  s h o w t h e  f o l l o w i n g :

I f  ( * )  ( T
1
s T
2
) E Q /
X  
]  
,  
a
n
d  
(
*
*
)  
T
I  
s  
T
2  
(
T
1
-
e
c
T
, )
E
'
S
'  
/
X  
]  
a
r
e  
v
a
l
i
d
,

P PEf f   p  p  p€ I r
t h e n  ( T  CT ) E P  / X  ]  i s  v a l i d .  O b s e r v e  t h a t  t h e  T , T  m a y  c o n t a i n  o c c u r -1 2  p  p  pEf f  1  2

renc es  o f  t h e  P  '  • i n  o t h e r  wo r d s ,  we  d o  n o t  n e c e s s a r i l y  h a v e  t h a tP
= T i ,  i  =  1 , 2 , . . .  .  T h e  p r o o f  p r o c e e d s  i n  f o u r  s t e p s :p p  pE7r

a.  We s h o w t h a t  T , [ S ( k ) / X  ]  c  T
n
[ S  /
X  ]  ,  
k  =  
0 , 1 , 2 , . . . ,  
b y  
i n d u c
-

( k )
, i p  p p c f f  -
e p  
p p E f f

t i o n  o n  k .  T h e  c a s e  k  =  0  f o l l o w s  f r o m  ( * ) .  N e x t ,  as s ume a s  i n d u c t i o n

h y p o t h e s i s  t h a t  T E S ( k ) / X  ]  c  T  ES( k ) / X  ]  h o l d s .  B y  ( * * )  we  h a v e
1 p  p  p€7
.  -  2  
p  
p  
p E
f f

t h a t  I T 1 T 2 H  (T, c T, „ , )ES / X  ]  l E S
( k )
/ X
-

1
-  
e  
p  
p  
p
€
7
1
-  
p  
p

( k )
( T S T , ) E S  / X  I  H T  CT A
s
( k 1 . 1 )
/ x  ]

,
i e p  p p € 7  1
-  2  p  
P  
P E
7

t h e  i n d u c t i o n  h y p o t h e s i s  y i e l d s  t h a t  ( T
1
s T
2

b.  F o r  k  =  0 , 1 , 2 , . . . ,  a n d  a n y  T ,  we  h a v e  ( TE P  / X  ]  )
P P  PER

( k )s i n c e  ( TE P  / X  ]  )  =  T [ P  / X  ]  E S  / X  ]  c
P P  PER P  P  PER P  P  PER -

] .  F r o m  t h i s ,p€7

f o l l o w s .  Co mb i n a t i o n  w i t h

)[s(kA-1)/X  ]  h o l d s .
p pc f r

(k-4-1) c TES( k ) / X  ]
-  P  P  PER

TES( k ) / X  ]  ,  b y
p p  pc i r

lemma 3 . 4 .

( k  1 )
c .  B y  b ,  U  ( T E P  / X  ]  N  c  U  T [ S ( k ) / X  ]  c  T [ P  / X  ]  .  A l s o ,

k =0 P  P  PER -  k =0  P  P  Pc 7  -  p  p  PETI

by  t h e o r e m 3 . 1 ,  w h i c h  a p p l i e s  s i n c e  T [ P  / X  ]  i s  c l o s e d ,  we  h a v e  t h a tp p  p E n

U  -
( T
[ P  
/
X  
]  
)
(
k
i
-
1
)  
=  
T
[
P  
/
X  
]  
.  
T
h
u
s
,  
w
e  
o
b
t
a
i
n  
t
h
a
t

k=0 P  P  Pcir P  P  PE
7
T
C
D
) 
T
T
S
(
l
c
)
/
X 
]  
=  
T
[
P 
/
X 
]  
.

k =0 P  p  p E n  P  P  PER



d. Co mb in a t io n  o f  p a r t s  a  and c  co mp le te s t h e  P ro o f  o f  t h e  i n d u c t i o n
theorem.
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Example: L e t  IT =  { 1 , 2 }  a n d  D=  {P
i  4 = =  A
l
; P
i  u  A
2
,

P
2  
<    
4
4
1
;
1
3
2  
u  
E
}
.

We show t h a t  P 1 =  P 2 '  %42 ( t h i s  s t a n d a rd  example  was u se d  fi r s t  i n  [ 1 6 ] ) .

1. E .  Ta ke  f o r  4) t h e  emp ty l i s t  and  f o r  IP: X i  P 2 '  .A2 .  Th e n ,  f o r  t h i s-
IK2 /X ]  i s  t h e  a s s e r t i o n  9 c  P A ,  wh ich  i s  c l e a r l y  v a l i d .  Ne x t ,p p€{1 ,2 1  -  2 '  2 '

we have a s  in s t a n c e  o f  IP E  l i [ S
'
I D
/ X
p
]
p

s P
2
0
2  
h  
A
l
;
X
l  
u  
A
2  
s  
P
2
0
2
.

S ince ,  b y  lemma 3 . 1 . d ,  P
2  = A
l
; P
2  u  
E ,  
w e  
m u s t  
p r o v
e

c P
2
0
2  
A
o
X
i  
u  
A
2  
s  
(
A
1
;
P
2
u
E
)
A
2  
=  
A
0
P
2
0
2  
u  
A
2

wh ich  i s  v a l i d  b y  mo n o t o n ic i t y .  We co n clu d e  t h a t  1KP / X  ]p p  p E {1 , 2 } '  i . e . ,
P1 -  c P2 '  .A2 '  h o ld s .

2. D .  Ta ke  (I
, 
a g a i n  
e m p
t y  
a n
d  
f o
r  
I
P
:  
X
2
0
2  
s  
P
i
.  
V
a l
i d
i t
y  
o
f  
[ Q
/ X
p
i
p E
{ 1
,
2 1

i s  c l e a r .  A l s o ,  *  E l [  / X  ] t i , e s  ,
1 t a k e s  t h e  
f o r m

p p  pe

X . A  c  P  ' E  (11. u E ) • A  P  ( - =  A . P  uA )2 '  2  1 '  2  2  -  1
-  1 '  1  
2and t h e  d e s i re d  r e s u l t  f o l l o w s  a g a in  b y  mo n o t o n ic i t y ,  i mp l y i n g ,  b y

theorem 3 . 2 ,  t h e  v a l i d i t y  o f  1KPpi X p] p€{1 , 2 } ,  i . e . ,  o f  P  c  P2 2  -  1

A l a rg e  number o f  examp les,  i n  v a ry in g  deg rees o f  d i f fi c u l t y ,  o f  a p p ly in g

the  r u l e ,  i s  co n t a in e d  i n  t h e  p a p e rs men t ioned  a t  t h e  end  o f  t h e  i n t r o -

d u ct io n .  S e c t i o n  4  w i l l  p ro v id e  a n o th e r -  more  advanced -  a p p l i c a t i o n .



4.  I NDUCTI VE ASSERTIONS

I n  t h i s  s e c t i o n  we  i n t r o d u c e  t h e  n o t i o n  o f  a  s y s t e m o f  i n d u c t i v e  a s s e r t i o n s

a s s o c i a t e d  w i t h  a  s i mp l e  r e c u r s i v e  p r o g r a m s c heme,  a n d  we p r o v e  t h e  ma i n

t h e o r e m a b o u t  t h e m wh i c h  s t a t e s  t h e  e q u i v a l e n c e  o f  c h a r a c t e r i z i n g  r e c u r s i v e

p r o c e d u r e s  i n  t e r ms  o f  i n d u c t i v e  a s s e r t i o n s ,  a n d  i n  t e r ms  o f  t h e  m i n i m a l i t y

a f fi x e d  p o i n t s .

Our t e r m i n o l o g y  i s  d e r i v e d  f r o m  t h e  " i n d u c t i v e  a s s e r t i o n  me t h o d "  o f  F l o y d

[ 5 ] ,  w h i c h  may  b e  v i e we d  a s  a  t e c h n i q u e  f o r  d e r i v i n g  g l o b a l  p r o p e r t i e s  o f  a

p r o g r a m f r o m  l o c a l  p r o p e r t i e s  o f  i t s  c o mp o n e n t s .  T h e  f o r m  i n  wh i c h  t h i s

me t hod  i s  p r e s e n t e d  h e r e  i s  mo r e  a b s t r a c t  a n d  g e n e r a l  t h a n  t h e  u s u a l  o n e .

Obs erv e t h a t  o u r  d e s c r i p t i o n  o f  i t  i n  t h e  f r a me wo r k  o f  r e c u r s i v e  p r o g r a m

schemes h a s  t h e  fl o w  c h a r t  d e fi n i t i o n  a s  a  s p e c i a l  c a s e  ( e a c h  fl o w  c h a r t

can b e  d e s c r i b e d  b y  a  ( r e g u l a r ,  s e e  s e c t i o n  4 . 2 )  s y s t e m o f  r e c u r s i v e  p r o -

c e d u r e s ) .  N o t e  a l s o  t h a t  t h e  -
U s u a l  
r e q u i r e m e n t  
o f  
h a v i n g  
a t  
l e a s
t  
o n
e  
a s
-

s e r t i o n  " b r e a k i n g  e a c h  l o o p "  f o r  t h e  fl o w  c h a r t  Ca s e  h a s  n o  c o u n t e r p a r t

h e r e ,  s i n c e  i t  i s  d e a l t  w i t h  a u t o m a t i c a l l y  i f  a  s y s t e m o f  r e c u r s i v e  p r o -

c edures  i s  a s s o c i a t e d  i n  t h e  u s u a l  wa y  w i t h  a  fl o w  c h a r t .

One h a l f  o f  t h e  m a i n  t h e o r e m ( t h e o r e m 4 . 2 ,  p a r t  1 )  i s  a  g e n e r a l i z a t i o n  o f

t h e o r e m 6 . 1  f r o m  De  B a k k e r  a n d  De Ro e v e r  [ 3 ] .

Our f o r ma l  t r e a t m e n t  o f  F l o y d ' s  me t h o d  needs  a n  e x t e n s i o n  o f  o u r  f o r m a l

l anguage  i n  o r d e r  t o  d e a l  w i t h  t h e  e n t r a n c e  -  a n d  e x i t  c o n d i t i o n s  o f  t h e

p r o g r a m a n d  i t s  c omponen t s .

Th e r e f o r e ,  we  e x t e n d  t h e  f o r m a l  l a n g u a g e  b y  a d d i n g  t o  R  a  S p e c i a l  c l a s s  o f

r e l a t i o n  s y mb o l s ,  t h e  c l a s s  A  =  f p
1
, p
2
, . . . 1  o f  
p r e d i c a t e  
s y m b o l s ,  
a r b i t r a
r y

e l emen t s  o f  wh i c h  a r e  d e n o t e d  b y  p , p
1
, . . . , q , q
1
, . , .  •  
T h i s  
e x t e n s i o n  
o f  
R

needs  a n  e x t e n s i o n  o f  t h e  d e fi n i t i o n  o f  i n i t i a l  i n t e r p r e t a t i o n  ( d e fi n i t i o n

3 . 4 ) :  We r e q u i r e  t h a t ,  f o r  e a c h  p  c  A '  c 0  (p) c  c 0  (E) ;  i . e . ,  e a c h  p  i sp -
i n t e r p r e t e d  a s  a  s u b s e t  o f  t h e  i d e n t i t y  r e l a t i o n .  I n  t h i s  wa y  we  c a n  fi n d ,

f o r  e a c h  i n d u c t i v e  a s s e r t i o n  f o r m u l a t e d  a s  a  s e n t e n c e  i n  p r e d i c a t e  c a l c u l u s :

V x , y [ p ( x )  A  x A y  ÷  c l ( Y ) ]  a n  e q u i v a l e n t  f o r m u l a  i n  o u r  l a n g u a g e :  p ; A  c  A ; q ,

w i t h  t h e  p r o p e r t y  t h a t ,  f o r  e a c h  mo d e l  i n  wh i c h  t h i s  s e n t e n c e  i s  t r u e ,  we

c an fi n d  a n  i n i t i a l  i n t e r p r e t a t i o n  c 0 w i t h  e x t e n s i o n  c  s u c h  p ; A  c  A ; q
s a t i s fi e s  c ,  a n d  v i c e  v e r s a .

2
3



Wi t h  s e c t i o n  4 . 1  w e  h o p e  t o  p r o v i d e  t h e  r e a d e r  w i t h  s ome f e e l i n g  f o r  t h e

p r o b l e m o f  p r o v i n g  t h e  s e c o n d  h a l f  o f  o u r  m a i n  t h e o r e m ( t h e o r e m 4 . 2 ,  p a r t  2 ) .

4 . 1 .  A t t e mp t s  t h a t  f a i l e d

I n  s e c t i o n  2 ,  we  c o n s i d e r e d  t h e  w h i l e  s t a t e me n t  p * A - =  p ; A ; p * A  u  T .  I n  t e r ms

o f  p r o g r a m s c hemes ,  t h e  c h a r a c t e r i z i n g  t h e o r e m f o r  w h i l e  s t a t e me n t s  ( t h e o -

rem 2 . 1 )  c a n  b e  r e f o r m u l a t e d  a s :  L e t  p  b e  d e c l a r e d  b y :  P  A
l
; P  u  A .
Then f o r  e a c h  T ,  t h e  f o l l o w i n g  a s s e r t i o n

p ; A
l  
s  
A
l
;
p

p ; T c  T ; q
p ; A 2 E  A 2; q

i s  e q u i v a l e n t  w i t h  T  c  P .  No w f o r  i t s  g e n e r a l i z a t i o n .  L e t  u s  c o n s i d e r  P
i
d e c l a r e d  b y  P 1 A 1; P 1; A 2 u  A 3
.  O n e  m i g h t ,  
a s  fi r s t  
a t t e m p t
,  
t r y  
t o  
p r o v
e

t h e  e q u i v a l e n c e  o f  T  c  P
i  a n d

p ; A 1 E  A 1; p

q-'A 2 c  A 2 ;q-

p ; A 3 c  A 3 ;q—

— p;T  _  ; q

b u t  t h i s  f a i l s .  E . g . ,  T  =  A 0 A
2
; A
3
; A
2  s a t i s fi e s  
t h e  
i n d u c t i v
e  
a s s e r t
i o n s

r e q u i r e me n t ,  b u t  i t  i s  n o t  t r u e  t h a t  T  s  P
i
.  A s  n e x t  t r i a l  
w e  u s e  
a n  
i n -

fi n i t y  o f  p
i
, q
i
, i  
=  
0 , 1 ,
2 , . .
. ,  
e
a
c
h  
i  
r e
fl e
c t
i n
g  
t
h
e  
c
u
r
r
e
n
t  
r
e
c
u
r
s
i
o
n

d e p t h :

I
p
i
;
A
l  
s  
A
o
p
i
l
_
i

q. +1 ;A2 c  A 2 ;q.1 -   1

p . -
'
A
3  
c  
A
3  
;
q
.

l  -   1
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; T c  T ; q . l .-  1 = 0 , 1 , 2 , — .

and,  i n d e e d ,  T  C  P
1  i s  n o w  
v a l i d .  
H o w  
t o  
g e n e
r a l i z
e  
t h
i s  
o
n
c
e  
m
o r
e ?  
C
o
n
-

s i d e r  P
2  
4 = =  
A 0 P
2
; A
2
; P
2
; A
3  
u  
A
l
l
.  
D
i
r
e
c
t
l
y  
t
a
k
i
n
g  
o
v
e
r  
t
h
e

app roac h  i s  e a s i l y  s e e n  t o  f a i l .  O n e  s o o n  r e a l i z e s  t h a t  o n e  h a s  t o  d i s -

t i n g u i s h  t h e  ' t wo  o c c u r r e n c e s  o f  P
2  a t  t h e  
r i g h t  
h a n d  
s i d e ,  
a n d  
o n e  
m i g h
t



p . ; A ; p .1 1 + 1

r .
-
'
A  
c  
A  
;
p
.

1 1  -  1  1 + 1

q. ; A  c1+1 2  -  2  1 + 1

;qi  1  3  c  A  - 3. 1

c A  - s .3 -  3 '  1

p
i
_
;
A
4  
E  
A
o
q
i

-A c  A

4 .2 .  Th e  r e g u l a r i z a t i o n  theo rem

{ ,t r y  t o  u se  t wo  .
s y s t e m s  
a
n
d  
r
s  
1  
i =
0 ,
1  
w
i
t
h

a sse rt io n

2
5

p
i
;
T  
E  
T
;
q
i

r . ; T  c  T ; s
i

1 i = 0 , 1 , . . .

Th is  does n o t  wo rk  e i t h e r .  Coun te rexamp le :  T  =  A
1
; A 0 A
2
; A 0 A
3
; A
3
; A
3
; A
2
; A
1
; A
4
.

So f a r  f o r  t h e  a t t e mp t s  t h a t  f a i l e d .  The  re a d e r  may have deve loped  some

understand ing  f o r  t h e  c o mp le x i t y  o f  t h e  re ma in in g  s e c t i o n s ,  i n  p a r t i c u l a r

f o r  t h e  need t o  r e fi n e  t h e  in d e x in g  s t ra t e g y  f o r  t h e  p re d ica t e s  i n  o rd e r  t o

keep a  c l o s e r  e ye  o n  t h e  h i s t o r y  o f  t h e  co mp u ta t io n .

The s u c c e s s f u l  a t t e mp t  b e g in s w i t h  t h e  deve lopment o f  t h e  imp o rt a n t  a u x i l -

i a r y  theo rem o f  t h e  n e x t  su b se c t io n .

Conside r t h e  d e c la ra t i o n  scheme D =  {P  , S  }  ,  w i t h  each  S  a  sta te me n tP P  PET
.scheme o v e r  I P  1  u  R.  Th e re  i s  a  n a t u ra l  co rrespondence  between D and  aP Perr

( i n fi n i t e ,  i f  Tr i s  i n fi n i t e )  c o n t e x t  f r e e  grammar G ,  e s t a b l i s h e d  as f o l l o w s :

R i s  t h e  c l a s s  o f  t e rm i n a l  symb o ls o f  G,  { P  }  i s  t h e  c l a s s  o f  n o n -

t e rmin a ls ,  D '  i s  i t s  s e t  o f  p ro d u c t io n  r u l e s ,  wh e re  D '  i s  o b t a in e d  f ro m D

by r e w r i t i n g  S
1
; ( 8
2
u S
3
)  a s  
S
1
; S
2  
u  
S
1 9
S
3
,  
b
y  
d r
o p
p i
n g  
e v
e r
y w
h e
r e  
t
h
e  
" ;
fl
s ,

and b y  re p la c in g ,  e . g . ,  P  S 1 2  u S b y  t h e  t wo  p ro d u c t io n  r u l e s  P  S
e t c . .  A s  d e sig n a te d  n o n t e rmin a l  o f  G a n y  P  m a y  be  se le c t e d .

C le a r l y ,  t h e  t y p o lo g y  o f  grammars c a r r i e s  o v e r  t o  d e c la ra t i o n  schemes. I n

p a r t i c u l a r ,  t h i s  g i v e s  u s  t h e  n o t io n  o f  a  re g t a a r  scheme: D  i s  r e g u l a r ,  i f f

i t s  co rre sp o n d in g  grammar G i s  r e g u l a r .  E . g . ,  w i t h  re f e re n ce  t o  su b se c t io n



4 .1 ,  t h e  scheme f o r  P  i s  r e g u l a r ,  b u t  t h o se  f o r  P
i  a n d  P
2  a r e  n o t .
The th e o re m o f  t h i s  su b se c t io n  t e l l s  u s ,  ro u g h l y  sp e a kin g ,  t h a t  f o r  each

( fi n i t e  o r  i n fi n i t e )  c o n t e x t  f r e e  d e c la ra t i o n  scheme a n  e q u iva le n t  ( b u t

a lways i n fi n i t e )  r e g u l a r  d e c la ra t io n  scheme ca n  be  co n s t ru c t e d .  T h i s  th e o re m

w i l l  be  t h e  ma in  t o o l  i n  o u r  p ro o f  o f  t h e  i n d u c t i v e  a s s e r t i o n  theo rem b e lo w.

THEOREM 4 .1  (T h e  re g u l a r i z a t i o n  th e o re m)

Let Tr b e  a n  in d e x  s e t ,  a n d  l e t  D =  { P  , S  }  b e  a  c lo se d  d e c la ra t io nf f '  P  P  PEIT
scheme, w i t h  each  S  a  sta te me n t  scheme o v e r  { P  }  u  R .  Then  t h e re  i s  a nP P  PEIT
index s e t  p  a n d  a  c lo se d  d e c la ra t io n  scheme D =  {P  , S  1  e a c h  S  aP r  r  r e p '  r
sta tement scheme o v e r  {P  1  u  R ,  su ch  t h a tr  re p

a. D  i s  r e g u l a r .

b .  T h e r e  i s  a  mapping X f ro m Tr i n t o  p  su ch  t h a t  P A(p ) =  P '  f o r  eachp

(4.1)

p  E

(The l a s t  e q u iva le n ce  sh o u ld  be  u n d e rsto o d  a s s t a t i n g  e q u iva le n ce  u n d e r a l l

i n t e rp re t a t i o n s  based  upon co mp u ta t io n  sequences w i t h  re sp e c t  t o  t h e  d e c l a -
ra t i o n  scheme D =  D u  D . )Tr

PROOF. B y ,  i f  n e ce ssa ry,  re p e a t e d ly  a p p ly in g  S ; ( S
i
u S  )  =  S O
T  u  S O " ,  
w e

may assume t h a t ,  f o r  each  p  T r ,  S  h a s  t h e  f o rm

where M i s  some i n t e g e r  >  1 ,  a n d  wh e re ,  f o r  each  p  T r ,  1  <  j
P I )  -  -  P '  P l jhas t h e  f o rm ( r a i s i n g  s u b s c r i p t s  f o r  t yp o g ra p h ica l  re a so n s ):

(4 . 2 ) S ( P , j )  =  R(P 5 j ,  ) ; P ( P a j ,
1
) ; R ( P , j ,
1
) ; . . . ; P ( P , j 5 K
p ,
j ) ; R ( P 5 j 5 K
p 5
j )

w i t h  K  .  some i n t e g e r  >  0
5  w i t h  B
( P 5 j , k )  
c  R
5  
0  
<  
k  
<  
K  
. ,  
a n
d

P5J -  -  P , J
P ( p , j
5
k )  
E  
P  
1  
,  
1  
<  
k  
<  
K

p peff -  -  p
5
J

Observe t h a t  i t  may be  n e ce ssa ry t o  i n s e r t  some E i s  o r  a u x i l i a r y  P
i
sd e cla re d  a s E ,  i n  t h e  o r i g i n a l l y  g ive n  S '  i n  o rd e r  t o  o b t a in  t h i s  f o rmP

= S  u S  u  S
P l l  P , 2  p , M



Let u s  p u t

E
0 
=  
i
(
P
,
j
,
k
)

E 7 r ,  •
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and l e t  u s  d e fi n e  t h e  f u n c t i o n  h :  E
0  n  b y  h
( P s j , k )  
= ' q  
i f f  P
( p , j , k )  
=  
q .

Observe t h a t  each  o ccu rre n ce  o f  a  p ro ce d u re  symb o l P  i n  some S  i s  u n iq u e -

l y  i d e n t i fi e d  b y  t h e  in d e x  t r i p l e  ( P , j , k ) .

Example: L e t  D b e : J P
1  = =  A
1 ; P 0 A
2
; P
2
; A
3  
u  
A
4
;

P
2  
A
0
P
1
0
7  
u  
A
8
1

Then0 E =  { ( 1 , 1 , 1 ) , ( 1 , 1 , 2 ) , ( 1 , 2 , 1 ) , ( 2 , 1 , 1 ) 1 ,  a n d  h (1 , 1 , 1 )  =  1 ,  4 (1 , 1 , 2 )  =  2 ,

h (1 , 2 , 1 ) =  2 ,  a n d  h (2 , 1 , 1 )  =  1 .  L e t  E
1
0
,  b e  t h e  s e t  
o f  a l l  
fi n i t e  
s e q u e n c e
s

o f  e lemen ts o f  E0 '  i n c l u d i n g  t h e  emp ty wo rd  6 .  We d e fi n e  t h e  language E ,
co n s is t in g  o f  wo rds i n  E
* ,  b y  
m e a n s  
o f  
a  
c o n t e x
t  
f r e
e  
g r a m
m a r  
w i
t h  
p r o
d u c
-

0
t io n s

a  E

{a a  1P PET
.

I
a 
'  
(
P
,
d
,
k
)

aP ÷  ( P , i , k )  a  t  t
P h k i p , j , k )  k P , j , k ) E E o

t o  deno te  a n  a r b i t r a r y  e lemen t  o f  E .

M 1  <  k  <  K  . 1— P '  —  —  P , J

E i s  t h e  c o l l e c t i o n  o f  a l l  wo rds i n  E
*  p r o d u c e d  b y  
a .  a  
w i l l  
a l s o  
b e  
u s e d

0

Example: F o r  t h e  D j u s t  men t ioned ,  p o s s ib l e  a  a re :  6 ,  ( 1 , 1 „

(1 , 1 , 1 ) (1 , 1 , 2 ) (2 , 1 , 1 ) ,  o r  ( 2 , 1 , 1 ) ( 1 , 2 , 1 ) ( 2 , 1 , 1 ) ,  e t c .

Observe t h a t  e a ch  a  s  ,  p ro d u ce d  w i t h  a n  a p p l i c a t i o n  o f  t h e  r u l e  a  ÷  a

as fi r s t  s t e p ,  may be  v ie we d  a s d e fi n i n g  a  p a t h  i n  t h e  t r e e  o f  in c a rn a t io n s

o f  t h e  p ro ce d u re s o f  t h e  syste m w i t h  P  a s  r o o t ,  o r ,  a l t e r n a t i v e l y ,  a  r e -

p resen ts t h e  s t a c k  o f  c u r r e n t l y  a c t i v e  p ro ce d u re s ,  e a ch  t r i p l e  i n  a  r e p r e -

se n t in g  one p ro ce d u re  c a l l .  Compare t h e  f o l l o w i n g  fi g u r e  ( w i t h  re sp e c t  t o
D a g a in )



le n g th  o f  t h e  a :

(4.3)

The sequence a  =  ( 1 , 1 0 ) ( 1 , 1 , 2 ) ( 2 , 1 0 )  re p re se n t s  t h e  c a l l i n g  s t r u c t u re

in d ica t e d  b y  t h e  d rawn  l i n e s ,  wh e re  t h e  fi r s t  component o f  t h e  fi r s t  t r i p l e

i n  a  -  h e re  1  -  i s  t h e  in d e x  o f  t h e  r o o t  o f  t h e  t r e e .
E i s  u se d  i n  t h e  c o n s t ru c t io n  o f  t h e  in d e x  s e t  p  we  a re  l o o k in g  f o r  i n  t h e

f o l l o w in g  manner:  p  i s  d e fi n e d  a s :

x E x  { 1 , 2 }

i . e . ,  e a ch  P
r
,  r  
E  
p ,  
i s  
o f  
o n
e  
o
f  
t
h
e  
t
w
o  
f
o
r
m
s  
P

w i t h  p  7 r ,  a  E E ,  a n d  1 , 2  E { 1 , 2 } .

Moreover,  we  d e fi n e ,  f o r  each  p  € i t ,  A (P )  a s :  A ( p )  =  (p , E , 2 )  p .  F o r

e a s ie r r e a d i b i l i t y ,  we  use  t h e  n o t a t i o n  P
P  f o r  P / _
,
-
,
1 N '  a n d  Q
a  f o r  
P (
p , a , 2
) .

a k p  u
,
i )

Thus, i n  t h i s  n o t a t i o n

P =  pA(P) ( P 2
6
2
2
)

P
P  
Eh (p  j  1 )p

c l(P 2 J2
1
)h (p  j  k i -1 )

p a (p , j , k + 1 )

P
P
2
.
R
(
p  
j  
)

0
.
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P 2 a 2
1
) 
o r  
P
( P
2 a
2
2

We now have t o  d e fi n e ,  f o r  each  r  p ,  t h e  s ta te me n t  scheme S
r
,  a n d  t o
prove  t h a t  t h e  sys te m f P  , S  1  h a s  t h e  d e s i re d  p ro p e r t i e s ,  i n  p a r t i c u l a r ,r  r  rEp
t h a t  P  =  o e .

The d e fi n i t i o n  o f  t h e  S r  f o r  r  =  ( p , a , 1 ) ,  i s  g iv e n  i n d u c t i v e l y  o n  t h e

2
h ( p , j , k )

Q ; R ( 1
0 '  
' k )
2

a ( P 2 j k )
f o r  1  <  k  <  K  . - 1

— —  P2.3



and f o r  r  =  ( p , a , 2 )  b y

(4.4)

QE =

Example: L e t  IT =

We h a ve ,  o m i t t i n g

t h i s  s imp le  scheme

p6 ,

1

P ; Aa 1

Q • Aa0" 2

a

P.1(D1;R(P,j; )

u P
;
A .  
4

From th e se  d e fi n i t i o n s  we  have :

• u  P  ; A

u u  A  ;

2
9

h (P ; j , K  . )

Q P '
°  
*  
P
O
R
( p
'  
j
'  
K  
.
)

 PO

1,21, a n d  l e t  P  be  d e c la re d  b y  P    ; P ; A
2
; P ; A
3  u  A .

co mp lica t io n s i n  t h e  i n d i c e s  wh ich  a re  unnecessa ry f o r

, a n d  t a k in g  Z  =  1 0 , 1 1
*
,  a s  
r e g u l a r  
s c h e m e
:

; A
3  
u  
P
e
;
A
4  
=  
(
Q
1  
;
A  
u
P
l
;
A

;A ; A
3  
u  
Q
0
; A
2
; A  
;
A  
u  
A

= u  ( Q
0  ;

u

uP0 '
• A  
•

4 '

•A * A  *A  • A  u  A0' 4 '  '  4 '  4

; A
2
; A  
;4'•A2 '  •A'  •A3 u  A .4 4

u A 4

i f  K =  0
P5,1

i f  K  0

Th is su g g e sts t h a t  Q
c
= P ,  a s  
w i l l  
i n d e e
d  
f o l l
o w  
b
y  
t h
e  
t h e
o r e
m  
w
e  
a
r
e  
i
n

the  p ro ce ss o f  p ro v in g .



Remarks:

1. Obse rve  t h e  d i s t i n c t i o n  between t h e  n o t a t i o n  h ( P , j , k )  d e n o t in g  t h e

re s u l t  o f  a p p ly in g  t h e  f u n c t i o n  h  t o  ( P , j , k )  E
0
,  Y i e l d i n g  a n  
e l e m e n t

o f  'a ,  a n d  a ( p , j , k )  d e n o t in g  t h e  r e s u l t  o f  co n ca te n a t in g  t h e  e le me n ts

a E  a n d  ( p , j , k )  E
o
.2. F o r  each  p  E R ,  a  E E ,  P

l
c
:
:  h a s  t h e  
f o l l o w i n g  
i n t u i t i
v e  
m e a n i
n g .  
L e
t ,  
f o
r

some s  >  0 ,  a  =  ( 1
3
0
, j
0
l k
0
)  ( P
s
, j
s
, k
s
) ,  
w i
t h  
p  
=  
h ( P
s
, j
s
, k
s
) .  
A
s  
w
e

saw above, a  keeps t r a c k  o f  a  s p e c i fi c  p a t h  t h ro u g h  t h e  t r e e  o f  i n c a rn a -

t i o n  w i t h  P  a s  r o o t ,  l e a d in g  t o  t h e  i n n e r  c a l l  o f  P  .  Th e n  t h e  co m-
P0

p u t a t io n  p re s c r ib e d  b y  11. i s  p r e c i s e l y  t h e  co mp u ta t io n  s t a r t i n g  w i t h  t h e
outermost c a l l  o f  P  ,  a n d  up  t o ,  b u t  n o t  i n c l u d i n g ,  t h i s  i n n e r  c a l l .

P0
Example: R e f e r r i n g  t o  t h e  fi g u r e  o n  page 2 8  we have

1
P 0 , 1 , 1 ) ( 1 , 1 , 2 ) ( 2 , 1 , 1 )  =  A  ; A
1 ; P 0 A
2
; A
6
.

3. ( A s  we s h a l l  show b e lo w) Q P  =  PP -  ;P s o  w i t h  P
P  e q u i v a l e n t  t o  
t h e  c o r n -

a a  p  a
p u t a t io n  p re ce d in g  t h e  i n n e r  c a l l  o f  P  w i t h  h i s t o r y  a ,  QP i s  e q u iv a le n ta
t o  t h i s  co mp u ta t io n  b u t  i n c l u d i n g  t h e  i n n e r c a l l  o f  P

Once we have shown Q
P
=  P
P  ; P  
w e  
w i l l  
h a v
e  
o b t a
i n e d  
o u
r  
g o
a l
,  
s i
n c
e ,  
f
o
r

a a  p '
the  s p e c i a l  ca se  a  =  6 ,  Q
P  =  P
P
; P  •  ,  
h e n c e ,  
b y  
t h e  
d e fi n i t
i o n  
o
f  
P
P  
a
s  
E
,  
w
e

c p
o b ta in

= QP
6 
=  
P
( p
, C
,
2 )  
=  
P
X
(
P
)
.
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Moreover,  f r o m  ( 4 . 3 )  a n d  ( 4 . 4 )  i t  i s  imme d ia te  t h a t  D i s  r e g u l a r .

The n e x t  s t e p  i s  t h e  d e fi n i t i o n  o f  a n o th e r sys te m o f  p rocedu res o v e r  t h e

same in d e x  s e t  o :  T  =  {P )  a s  f o l l o w s :r  r  rE p '

Fo r r  =  ( p , a , 1 ) ,  t h e  Z
r  a r e  
( a p a r t  
f r o m  
t h e  
p r o c e
d u r e  
s y m b
o l s )  
t
h
e  
s a
m e  
a
s

Sr:



-
P
P <

( 4
.
5 )  
'
0
(
1
3
5
,
5
5
1
)

a(P, j , l )

Combining t h i s  w i t h  ( 4 . 6 )  w i l l  y i e l d  e  =  /
4 1
% ,  ,  a s  
d e s i r e d .
P a rt  1 .  { P  c  1  •r  -  r  r f p

By t h e  c o r o l l a r y  o f  theo rem 3 . 1 ,  i t  i s _ s u f fi c i e n t  t o  show t h a t r  r f p
s a t i s fi e s

p h (p , j, k4 .1 )
a ( P , j , k
1 - 1
)bu t  f o r  r  =  ( p , a , 2 )  we  have d i f f e r e n t  d e fi n i t i o n s :

(4.6) P  <   . 1 5
; P
p
.
We s h a l l  show t h a t ,  f o r  each  r  p ,

(4.7)

P
P  
=  
P
P  
Q
P  
=  
5
1
P
.

a a  a  a

s EP ixr  r  r

P
P
;
R
(
p
,
j
,
0
)

a

c P .
— r  r f p

a. I f  r  =  ( p , a , 1 ) ,  t h i s  i s  imme d ia te ,  s i n c e ,  b y  d e fi n i t i o n s  ( 4 . 3 )  a n d  ( 4 . 5 ) ,
S =  S  ;  hencer  r

{g [P ix  ]  =  ff a  ix  =  P 1r  r  r  rEp  r  r  r  rE p  r  r f p

where t h e  l a s t  e q u iva le n ce  f o l l o w s  b y  t h e  fi x e d  p o i n t  p ro p e r t y  (lemma

3 . 1 c ).

b .  L e t  r  =  ( P „ 2 ) .  F o r  each  j ,

31

-h(p, j,k)Q ; 1 1 ( Pa(P,i,k) '  '

p

1 <  <  K  . - 1
— P , J

i . e . ,  f o r  e a ch  p  c  7 ,  c  E ,

M'  we  d i s t i n g u i s h  two  ca se s:P

b l .  K  =  O.  Th e n ,  b y  ( 4 . 1 ) ,  ( 4 . 2 ) ,  R ( P , j , 0 )  =  S ( P , j )  E  S =  P  .  Hence ,P , j  P  P

PP;H p , j ,  c  P
P
; P  =  
u s i n
g  
( 4 . 6
) .

p



b2. K  >  O.  Th e n ,P5J

,p  ( 4
5
2 )  
7 , 1
3

.06
a 
r
a
l
r
p  
-  
1
-
a
;
R
(
P
,
J
1
0
)
;
P
(
P
,
j
,
1

( 4
5
5 )  
p
h
(
p
,
j
,
1
)
.
1
)
(
1
0
,
j
0
)
;
,
,
,
;
1
1
(
p
,
j
,
K  
j
)

(4 . 6 ) - h ( p , j , l )  ,  N
2 Q
a
(
p ,
j
,
1 ) ;
R k
P
$ J
,

(455) p h ( P
2
)
;
p (
p  
j  ) ;
. . . ; R
( P , j ,
K  
4
)

a (P , j , 2 )

• •

h (P , j , K  * )
T P , J  . 1 )(p  j , K  . ) ; 1 1 ( P , j , K P

,
J

-  -
a
( P
, j
5
K .
1 0
,
j ) '

1 1
-
( p
, j ,
K  
.
)

(4 . 6 ) • R ( P , : j , K  . )1
1
1
,
3

2 • e 6 1
:
5
( P , i  
, K  
•  
)

P,J

From b l  a n d  b2  we se e  t h a t  ( 4 . 7 )  i s  in d e e d  s a t i s fi e d .

P a rt  2 .  c  P  I  .r  -  r  rE p

Ag a in ,  b y  t h e  c o r o l l a r y  o f  theo rem 3 . 1 ,  i t  i s  s u f fi c i e n t  t o  show t h a t  t h e

{P }  s a t i s f yr  rE p

(4.8) { E  P  X  c  Pr  r  r  rEp  -  r  re p

As i n  p a r t  1 ,  t h i s  i s  c l e a r  f o r  t h e  P .  I n  o rd e r  t o  show t h i s  f o r  t h e  Q
i
c
,

we a p p ly  t h e  i n d u c t i o n  theo rem 3 . 2  i n  t h e  f o l l o w i n g  f o rm:  L e t  t  b e  e mp ty,

and l e t  V  b e :

P
P
;
X  
c  
Q
P

a p  -  a  pEff,aEE
.
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That VEn/X ]  ,  i . e . ,  { P
P
: Q c  1  
i s  
v a l i d ,  
i s  
c l e a
r .  
L e
t  
u
s  
p u
t

p p c i r
-  
a
,  
a  
p
c
i r
,
a
E
L
_

X ( p , j , k )  =  i f f  h ( p , j , k )  =  q .  I n  o rd e r  t o  v e r i f y  t h e  second  assump t ion

o f  t h e  i n d u c t i o n  th e o re m i n  t h i s  ca se ,  we  have  t o  show: I f  ( * )

{ P
P
O
C
t
h
e
n  
f
o
r  
e
a
c
h  
p  
7
r
,  
a  
E  
E
,

a P
—  
a  
p
E
f f
,
a
E
E
'



M
pR

P
*  
{
R
(
P  
j  
)
0
C
(
P
,
j
,  
e
)
;
R
(
P
,
j
,
K  
.
)
1  
c

a
,

P,Jj=1

p(a ) I f  K  =  0 ,  t h e n  P  ; R ( P , J ,
0
)  e ,  b y  .
0 4 . 4 ) .

P,J '  o '  a

(a ) L e t  K  >  O.  ThenP,J

Let p  b e  a n
scheme o v e r

X E X  o r  o f

the  s p e c i a l

P
P 
;
1
1
(
1
3
,
,
i  
,
0
)  
;
X
(
P
,
j  
;
.

a
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. ; R (P , j , K  - )  =  (
4
. 3 )

P,J

1)
Ph (p  - ' X (p '  '  j j. . . ; R ( P , j , X  )a ( P l j ,

1
)  
P
,
-  
-

h ( P , j ,
1
) .

Q
a
(
p
,
j
0
)
,
R
(
P
,
J
,  
;
.
.  
;
R
(
P
,
j
,
K  
4
)  
c

-  -

h ( p , j , K  . )
Q P
'
J  
-
R
(
p  
j  
K  
c  
Q
P  
(
4
.
4
)

-  a
P,J

index s e t

{P }  ur  rE p

a p  A
p
)
fo rm -(4 .1

(a ) a n d  ( a )  t o g e t h e r  i mp l y  t h a t  we  have p ro ve d  t h e  second  assump t ion  o f  t h e

in d u c t io n  th e o re m.  Th u s ,  we  conclude ' t h a t  g P  / X  ]  h o l d s ,  i . e . ,  t h a tp p  pEn
{PP;P c  e l  .  , Fro m t h i s ,  ( 4 . 8 )  f o l l o w s  and  t h e  p ro o f  o f  p a r t  2
0  a n d ,

a p  a  pE7,aEL _
t h e re f o re ,  o f  t h e  r e g u l a r i z a t i o n  th e o re m i s  co mp le te d .

4 .3 .  Th e  i n d u c t i v e  a s s e r t i o n  th e o re m

, a n d  l e t  D =  { P  S  I  b e  a  c lo se d  d e c la ra t io nr  rE p
A u  C ( i . e . ,  t h e  S r  c o n t a in  no  o ccu rre n ce s o f  a n

. A s  i n  su b se c t io n  4 . 2 ,  we  assume t h a t  e a ch  S r  i s  o f
) ,  ( 4 . 2 ) .  (We  re p la c e  f ro m now on  p (1 0  b y  r ( P )  i n  o rd e r

t o  a v o id  c o n fl i c t s  o f  n o t a t i o n . )

Le t K  ,  M a n d  E b e  a s  ab ove ,  a n d  l e t  E  = { (  , j  )  I r E p ,  , G f
. .
k < M  . 1 .

r  r , j  '  r

Le t E  =  { p r  ,qr  } b e  a  c o l l e c t i o n  o f  p re d ic a t e  symb o ls ,  co n t a in e d  i na a  rEp ,a cE
A .
We d e fi n e  t h e  i n d u c t i v e  a s s e r t i o n  p a t t e rn  AED,E] w i t h  re sp e c t  t o  t h e  d e c l a -

ra t i o n  scheme D and  t h e  c o l l e c t i o n  o f  p re d ic a t e  symb o ls E  a s f o l l o w s :  F i r s t ,

f o r  each  a  E E ,  ( r , j , k )  E  E  w e  d e fi n ene a (  j  ) '  [D E] b y  p u t t i n gr , , k



1. I f  K  =  ,  th e n ,

aa, =  ; R (  , j , 0 )  E  R

2. I f  K  >  0 ,  t h e nr , J

a. a a h ( r  j  1 )
= Pa0
1
(  ,
j ;
0  
;
0
)
;
P

( r ;  ;  ) ED EJ

b . F o r  1  <  k  <  K  . - 1— —  r , j

( r  ) C D E ]  , . .
1 1
. ( r ; j ; 1
0
. R (
r  
k  R
( r o j , k
) ; P * . :
1 : 1 1 1 :
1 ) ) .

a
„  ,

c.( r , j , K ( r , j ) )  q
a n  F l  -  h ( r
' j '
K ( r
' j
) )
. 1 i (  ' , K
( r  
j ) )  
'

R ( r  j , K ( r , j ) ) ; q
1
:
5
.

a -  a ( r , j , K ( r , j ) ) '  r
'
J  'Now l e t  A E D, n =  { c a  N }  T h e n ,  a s  we s h a l l  se e ,  AEDI,E3k r , j , k )  c €E , ( r , j , k ) a  •

p ro vid e s t h e  s o l u t i o n  t o  o u r  p ro b le m.

Example: L e t  D b e  t h e  d e c la ra t i o n  sch e ie  { P  A
1 ; P ; A
2
; P ; A
3  u  A } .  
W e  
h a v e

for A[D,E]:

I
p
a
;
A
l  
s  
A
l
;
p
a
o

q. ; A  A  ; pa0 2  c  - 2  a l

. q  ; A  c  A  ; qal 3  -  3  a

P
a
;
A
l
l  
S  
A
l
O
c
l
a
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, j ,  ) ; q
r
.

a

The f o l l o w i n g  p i c t u r e ,  r e f e r r i n g  t o  a n  i n n e r  c a l l  o f  P  w i t h  h i s t o r y  a

(CO a n d  a l )  may i l l u s t r a t e  t h e  id e a :



F i r s t  we p ro ve  a  lemma.

LEMMA 4 . 1 .

PROOF

35

1 . c  P 1
— r  r E p

r ,
2. A [ D , E ]  1
--- { P r  
r  
c  
T  
; q  
y

a
—
r
a
r
E
p
,
s
E
E
•

p
r
;
1
1
(  
,
j
,
0
)
;
X
(  
,
j
$

a ) ; . . . ; R ( r , j , K ( r , j ) )  c

Let D,E  be  a s  above .  L e t  I T r  IrEp b e  a r b i t r a r y  sta te me n t  schemes o v e r
P u A u C .  Th e n  t h e  f o l l o w i n g  t wo  a s s e r t io n s  a re  e q u iv a le n t :

1. 1  2 .  F i r s t  we p ro ve  t h i s  f o r  t h e  s p e c i a l  ca se  t h a t  f T  =  P  I  .  B yr  r  rEp
S co t t ' s  i n d u c t i o n  r u l e  (t h e o re m 3 . 2 )  i t  i s  s u f fi c i e n t  t o  p ro ve  t h a t

;S ; q 91 r  —
(
4
.
9
)  
A
[
D
,
E
]
,  
f
p
r
;
x  
s  
x  
;
(
:
j
_
r  
a
E
E

c
r a r E P
9  
a r
—
r a
r E
p ,
s a

where , a s  u s u a l ,  S r  r e s u l t s  f r o m S
r  b y  s u b s t i t u t i n g  
f o r  
e a c h  
r  
e  
P ,  
P
r

f o r  X  .  I n  o rd e r  t o  p ro ve  ( 4 . 9 )  i t  i s  s u f fi c i e n t  t o  show t h a t  f o r  each

j ,  1  <  j  <  M
r
,  w e  
c a n  
i n f
e r  
f r
o m  
i
t
s  
a s s
u m p
t i o
n s  
t
h
a
t

R ( r , j , 0 ) ; X ( r , j ,  ) ; . . . ; R ( r , j , K ( r , j ) ) ; q 1 a s .
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By A [ D , E ] ,  p
r
; R ( r ; j , 0 )  
c  R
( r j ,
0 ) ; p
1 1 ( 1
"
1 )
. .  
B
y  
t
h
e  
a s
s u
m p
t i
o n  
i
n  
(
4
.
9
)

a a ( r , j , l )  h ( r  j , 1 )
on t h e  X  ,  a n d  t h e  d e fi n i t i o n  o f  t h e  h - f u n c t i o n ,  p  '  ; X ( r  j  1 )  ca ( r , j , l )  "  -

r  (
1
. ,  
•  
1
)

E X ( r , j , 1 ) ; c 1
1
0 .
1
( 1
, T
1 )
.  
R e p e a
t i n g  
t h
i s  
a r g
u m e
n t ,  
w
h
i
c
h  
i
s  
s t r
a i g
h t f
o r w
a r d

f r o m t h e  d e fi n i t i o n  o f  A [ D , E ] ,  t h e  d e s i r e d  r e s u l t  f o l l o w s ,  i . e . ,  t h e

p r o o f  o f  1 2  f o r  t h e  c a s e  t h a t  { T .  =  P  }  h o l d s ,  i s  c o mp l e t e d .r  r  r e p
Nex t  as s ume t h a t  { T  c  P  }  .  T h e n ,  c l e a r l y ,r  -  r  r e p

A [ D, E ]  p r ; T'  c  p a ;Pr  cr
-  
-
r  
a
r
E
p
,
a
€
L

A l s o ,  { p r ; T  c  T  } .  „ S i n c e  { q r  c  E l  , ,  t h e  d e s i r e d  c o n c l u s i o na r  -  r  rEp, a€2,  a  -  r E p , a € 2 ,

A [ D, E ]  F  { p
r
; T  c  
T  ; q
r .
}

a r - r a r E p  f o l l o w s .

2.  2  =---= 1 .  We h a v e  t o  s how:  F o r  a l l  i n t e r p r e t a t i o n s  c ,  { c ( T r )  c  c (1)  ) 1  .r  r E p

L e t  c  b e  a n  a r b i t r a r y  i n t e r p r e t a t i o n ,  a n d  l e t  c () b e  i t s  i n i t i a l  i n t e r -r  r
p r e t a t i o n ,  i . e . ,  c
o  c  I  
R .  
S i n c e  
n o n
e  
o f  
t h
e  
p  
,
q  
o c
c u
r s  
i
n  
T
r  
o
r  
S
r
,

G G

we c a n  e x t e n d  c 0  t o  c  w i t h o u t  c a u s i n g  a n y  c hange  i n  c ,  a s  f o l l o w s :  L e t 0

V b e  t h e  d o ma i n  o f  c 6 '  a n d  l e t ,  f o r  e a c h  r  c  p ,  x r * b e  a n  a r b i t r a r y

e l emen t  o f  V .  We p u t  ( x , y )  c ( 4 i f f  x  =  y ,  a n d ,  mo r e o v e r ,  ( x
r
, x )
e c ( P
r
) ,  
w h
e r
e  
P
r  
i
s  
t
h
e  
p
r
o
c
e
d
u
r
e  
d
e
f
i
n
e
d  
i
n  
(
4
.
3
)
.  
S
i
m
i
l
a
r
l
y
,

a

( x , y )  E  c ( q )  i f f  x  =  y ,  a n d ,  mo r e o v e r ,  ( x  , x )  c ( Q
r
) '  w i t h  Q
r  d e fi n e d

0 a  a   a

as i n  ( ) -L . 4 ) .  L e t  c '  b e  t h e  e x t e n s i o n  o f  c ' .  A b o u t  t h i s  c '  w e  c a n  n o wOa
p r o v e :  E a c h  e l e me n t  o f  { a  • v }  ,  •  s a t i s fi e s  c i .  I n  f a c t ,

( r , j , k )  a c E , k r , j , k ) € E
0
�

•
o
u
r  
e
x
t
e
n
s
i
v
e  
p
r
e
p
a
r
a
t
i
o
n
s  
a
r
e  
r
e
w
a
r
d
e
d  
h
e
r
e
,  
s
i
n
c
e  
t
h
e  
p
r
o
o
f  
i
s  
d
i
r
e
c
t

f r o m t h e  d e fi n i t i o n s  o f  A [ D , E ] ,  P
r
,  a n d  Q .  
B y  t h e  
a s s u m p t i o
n  
o f  
t h e

a a
lemma we  h a v e ,  s i n c e  A [ D , E ]  s a t i s fi e s  c l ,  t h a t  f p r ;
1
T  c  T  ; q r I

a
-  
r  
-  
r  
a  
r
e
p
,
a
€
E
'

a l s o  s a t i s fi e s  c ' .  I n  p a r t i c u l a r ,  f o r  a  =  E ,  we  h a v e  t h a t

{ p r  c  T  ; q r }  s a t i s fi e s  c ' .  N e x t ,  we  u s e  t h a t  ( x , y )  c v ( P
r
)  i f f

6 r  -  r  6  r E p  0  E

= X  ,  w h i c h  f o l l o w s  f r o m  P
r  =  E ,  a n d  
t h a t  
( x , y )  
c
0 l
( q
r
)  
i f
f

 c
( x r , x )  E  c ( Q )  =  C( P  ) ,  w h i c h  f o l l o w s  f r o m  P  =  Q .  T h u s ,  w e  h a v e  s h o wne e

t h a t :  i f  x  =  x r  a n d  x c ( T r ) y ,  t h e n  x c ( P r ) y .  S i n c e  x r  was  a n  a r b i t r a r y
e lemen t  o f  V ,  we  c o n c l u d e  t h a t  f c ( T  )  c  c ( P  ) 1r  _rEp*
Th i s  c o mp l e t e s  t h e  p r o o f  o f  l e mma  4 . 1 .

I t  i s  n o w e a s y  t o  g i v e  t h e  p r o o f  o f  t h e  i n d u c t i v e  a s s e r t i o n  t h e o r e m:



THEOREM 4 . 2  ( t h e  i n d u c t i v e  a s s e r t i o n  th e o re m)

Let D ,  E  be  a s  a b o ve ,  a n d  l e t  I T  r IrEp b e  fi x e d  P o in t s  o f  t h e  sta te me n t
schemes I S  1  ,  i . e . ,  l e tr  rE p

PROOF

{g ET i x  ]  sr  r  r  rEp  r  re p
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Then t h e  f o l l o w i n g  two  a s s e r t io n s  a re  e q u iva le n t

1. { s  [ r i X  ]  c  T i }  { T  c  T ' }r  r  r  rE p  — r  rEp  r  — r  r e p '

i . e . ,  t h e  I T  I  a r e  min ima l  fi x e d  p o i n t s .r  rEp

2. A [ D , E ] k I p
r
T c T q l

a r
—
r a
r E
p ,
G
E
L

1. 1   >  2 .  I f  t h e  I T  I  a r e  min ima l  fi x e d  p o i n t s ,  t h e n ,  b y  C o ro l l a r y  3 . 1 ,r  rEp
= P  1  ,  a n d  t h e  r e s u l t  f o l l o w s  b y  lemma 4 . 1 .r  r  rE p

2. 2    1 .  B y  lemma 4 . 1 ,  i f  2  h o ld s ,  t h e n  I T _r  P r l r E p  f o l l o w s .  Th u s,  t h e
IT 1  a r e  fi x e d  p o i n t s  wh ich  a re  in c lu d e d  i n ,  a n d  t h u s  e q u a l  t o ,  t h er  rEp
min ima l fi x e d  p o i n t s  I P  I  .r  rEp



APPENDIX:  DERI VATI VES AND TRACES

I n  [ 6 ] ,  H i t c h c o c k  a n d  P a r k  i n t r o d u c e  t h e  n o t i o n  o f  d e r i v a t i v e  o f  a  p r o g r a m

s c heme,  a n d  u s e  i t  i n  t h e  d e v e l o p me n t  o f  a  t e c h n i q u e  f o r  g i v i n g  p r o o f s  o f

t e r m i n a t i o n  o f  p r o g r a ms .

Ro u g h l y  s p e a k i n g ,  t h e  d e r i v a t i v e  r e l a t e s  s t a t e s  a t  s u c c e s s i v e  n e s t e d  c a l l s

o f  a  p r o c e d u r e  t o  e a c h  o t h e r .  T h e r e f o r e ,  t h e  q u e s t i o n  a r o s e  a s  t o  t h e  c l a r i -

fi c a t i o n  o f  t h e  r e l a t i o n s h i p  b e t we e n  t h i s  n o t i o n  a n d  o u r  " t r a c i n g "  c o n -

s t r u c t s  P .  I n  t h i s  a p p e n d i x  we  s t a t e  ( w i t h o u t  p r o o f )  a  t h e o r e m s e t t l i n g

t h i s  q u e s t i o n .

F i r s t  we  r e p e a t  t h e  d e fi n i t i o n  o f  C O ,  s omewha t  r e f o r m u l a t e d  f o r  t h e  p r e s e n t

p u r p o s e :
aT

Le t  T  b e  a  s t a t e me n t  s c heme o v e r  { P  1  u  R .  T h e n  —  i s  d e fi n e d  i n d u c t i v e -
r  r e p  a P r

l y  a s  f o l l o w s :

aT
a.  I f  T  R ,  t h e n  a p  =  Q.

aPr i
b .  I f  T  - ( P  1  t h e n  =  r  r

r  r e P '  D P r  1 -

Ex ample:

THEOREM A

a(A1; P ; A 2; P ; A 3)

=

38

r 1 0  r .

aT1 a T 2aT

c.  I f  T  =  T
1  ; T
2
,  
t h e
n  
a p  
=  
u  
T
v a
p r

aT1 a T 2aT
d.  I f  T  T
I  u  
T
2
,  
t h
e n  
a
p  
=  
a
p  
*
5
1
7
T  
0

= A
l
u
A
1
;
P
O
_
2
.

aP

The t h e o r e m r e l a t i n g  d e r i v a t i v e s  a n d  t r a c e s  n o w f o l l o w s :

L e t  { P  r ,S r1 b e  a  d e c l a r a t i o n  s c heme.rEP
L e t  A  b e  d e fi n e d  b y : A  =  E ,  r 1 =  r 2 '1 ' r 2  r  1, r  2

= Q ,  r
i  r
2
.

L e t ,  f o r  r
1
, r
2  e  
p ,  
d  
P  
b
e  
a  
n
e
w  
p r
o c
e d
u r
e  
"
s
y
m
b
o
l
"  
w
i
t
h  
d
e
c
l
a
r
a
t
i
o
n
:

r
l  
r
2
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DS
r
o{ d  P  ‹ _ _ _ _  A  u  U  ( 7 7 . 0 .  P  )

r 1 r 2
r

'
1
.
2 
r
e
p 
u
j
-
r  
r
i  
r  
r
i
e
p
s

r 20

(The e x p r e s s i o n  U  . . .  i s  o n l y  s e e mi n g l y  o f  i n fi n i t e  l e n g t h ,  s i n c e  o n l y
rep  a s

T
2f o r  fi n i t e l y  ma n y  r '  DP  Q . )

L e t  0  b e  t h e  e mp t y  s e t .

L e t
r r  
O
r  
*
>  
w
l  
u  
(
i
f  
r
1  
=  
r
2  
t
h
e
n  
f
e
l  
e
l
s
e  
0
)  
(
c
f
.  
t
h
e

Z ,  , - =  { w  e  E
*  I  a1 '  2  1

d e fi n i t i o n  o f  p a g e  2 7 ) .
Then

1f d  P  =  U
r  r  e E
r  r  
a  
r  
E
p  
r  
E
p
.

1 2  a  1  2
2 '  1
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